A FUNCTORIAL REFINEMENT OF THE FRANKE FILTRATION AND THE
JACQUET-LANGLANDS CORRESPONDENCE FOR SPACES OF
AUTOMORPHIC FORMS

NEVEN GRBAC AND HARALD GROBNER

ABSTRACT. The global Jacquet—Langlands correspondence is an instance of Langlands functoriality,
namely the expected lifting of the irreducible automorphic representations of an inner form of the
general linear group to the split form via the identity morphism of L-groups. It is established,
by the work of Badulescu, in the case of irreducible components of the discrete spectrum. The
purpose of this paper is to extend this correspondence beyond the discrete spectrum. To this
end, the point of view of the Franke filtration of spaces of automorphic forms is taken. In fact,
our technical key ingredient is a functorial refinement of the Franke filtration, which allows us
to establish the Jacquet—Langlands correspondence between consecutive quotients of this refined
filtration on the general linear group and its inner form. As a result, our Jacquet-Langlands
correspondence properly extends Badulescu’s correspondence and contains the full functorial lift,
predicted by Langlands functoriality.
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INTRODUCTION

In the classical Langlands program for complex representations of reductive groups over global
fields, one of the fundamental predicted and expected features is Langlands functoriality, cf. [1], [3],
[9]. Given an L-morphism between the L-groups of two reductive groups G and H over a number
field, Langlands functoriality predicts a natural lift of the irreducible automorphic representations
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of their respective adelic groups via the global Langlands correspondence. This lift should hence
be compatible with local versions of functoriality. In particular, at unramified places the Satake
parameters should be matched. The seed of these ideas lies in the Langlands’ letter to Weil [32]
(appeared in print as part of [I1, Chap. VI]) and [35].

The Jacquet—Langlands correspondence is one of the instances of Langlands functoriality. It is
the above lift for irreducible automorphic representations of inner forms of the general linear group
to their split form, that is, more precisely, from general linear groups G L,, over division algebras D
over number fields F' to the associate split general linear group GL,, over F' itself. The general linear
group and its inner forms share the same L-group, and the Jacquet—Langlands correspondence is
the Langlands functoriality associated with the identity map viewed as an L-morphism, cf. [31].

Historically, the Jacquet-Langlands correspondence was one of the first instances of Langlands
functoriality that was studied in some detail. Already the book of Jacquet and Langlands [30]
solved the case of the general linear group GL(2) and the multiplicative group of a quaternion
algebra, both over a local and global field. The local and global Jacquet—Langlands correspondence
was developed over the following years and decades in a series of papers [12], [41], [10], [13], [4],
culminating finally in the proof of the global Jacquet—Langlands correspondence for discrete spec-
trum irreducible automorphic representations in the work of Badulescu [5], relying heavily on the
study of the trace formula by Arthur and Clozel [2]. The proof of Badulescu assumes the technical
condition that the division algebra splits at the archimedean places, which was removed soon after
by the paper of Badulescu and Renard [7]. See also the very nice expository lecture notes of Bad-
ulescu on the proof of the global Jacquet-Langlands correspondence for the discrete spectrum, [6].

The global Jacquet—Langlands correspondence in [5] is compatible with the local Jacquet-Langlands
correpondence, which Badulescu extended from the case of discrete series representations, achieved
by Deligne-Kazhdan—Vignéras in [10], to the case of (d-compatible) irreducible unitary representa-
tions. This extended local correspondence is characterized by the equality, up to a sign, of characters
of irreducible unitary representations on matching conjugacy classes of regular semisimple elements.

The natural question that can be raised at this point is whether Bedulescu’s extended local cor-
respondence for irreducible unitary representations can be used to extend the global Jacquet—
Langlands correspondence to irreducible unitary automorphic representations, which are not in the
discrete spectrum. It was already shown by Badulescu in [5, Sect. 5.3] that this is impossible. In
loc. cit., he provides counterexamples and concludes that the global Jacquet-Langlands correspon-
dence cannot be extended to non-square-integrable irreducible unitary automorphic representations
in a way, which is compatible with his local correspondence between unitary representations.

Hence, to extend the global Jacquet-Langlands correspondence beyond the discrete spectrum, a
new point of view has to be taken, and this is the main theme of the present paper. In our new
approach the focus is moved from the irreducible automorphic representations, viewed as abstract
irreducible representations with (necessarily abstract) local irreducible components, to the internal
representation theoretic structure of the spaces of all automorphic forms. In other words, instead
of an abstract local/global correspondence between irreducible automorphic representations, we
obtain a correspondence of specific automorphic realizations, which are not necessarily irreducible,
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but provide a functorial lift of spaces of concrete automorphic forms.

Let us explain this in more details. As a matter of fact, the first step in understanding the
representation theoretical structure of the whole space of automorphic forms of a reductive group
is the decomposition into a direct sum with respect to the cuspidal support [33], [34], [37], [15],
[29]. In turn, the best way to investigate the structure of the individual summands in this decom-
position is the Franke filtration [14], [15], [16], [26], [2I], [I7]. It is a finite descending filtration,
whose consecutive quotients are described in terms of representations parabolically induced from
discrete spectrum automorphic representations of the Levi factors that satisfy a compatibility con-
dition with the cuspidal support considered. Very roughly speaking, it provides an ordering of the
Eisenstein series appearing, according to their (in large parts mysterious) analytic behaviour. Now,
the crucial observation in order to establish a global Jacquet-Langlands correspondence beyond the
discrete automorphic spectrum is to look at the various spaces of automorphic forms supported
in a fixed cuspidal automorphic representation of a Levi factor, and to transfer its fine internal
structure given by the Franke filtration, in particular, of its consecutive quotients.

We would like to emphasize that the Franke filtration is not just a convenient way to establish
the Jacquet—Langlands correspondence. It is a natural and very useful approach to represen-
tation theoretic difficulties in the internal structure of spaces of automorphic forms with many
applications. Franke [14] originally applied the filtration to prove a fundamental “threefold” of
results, namely that every non-cuspidal automorphic form is a derivative of an Eisenstein series
or a residue thereof, that the cohomology of arithmetic congruence subgroups can be determined
from the relative Lie algebra cohomology of the space of automorphic forms (sometimes referred
to as a conjecture of Borel and Harder), and a certain type of trace formula for Hecke operators in
full cohomology. Generalizing a deep result of Clozel, Franke [14] and Franke-Schwermer [15] used
the Franke filtration to further prove the rationality of the decomposition along the parabolic and
even the cuspidal support in automorphic cohomology of the general linear group, a result which
was finally extended to all inner forms of GL(n) by Grobner-Raghuram in [28]. Later, the explicit
descriptions of the Franke filtration paved the way to constructions of automorphic cohomology
and cohomology of arithmetic groups [20], [26], [24], [25], [22], and recently even to a new method
for proving holomorphy of Eisenstein series [19], [18]. See also [23] and [28] for an early discussion
of the Jacquet—Langlands correspondence in cohomology. Very recently, the explicit calculations of
cohomology using the Franke filtration were the crucial ingredients in the construction of non-trivial
elements in a Bloch-Kato Selmer group in accordance with the Bloch-Kato conjecture [39], [38].
In turn, the exciting work of Su [42] reveals that the coherent cohomology of Shimura varieties
is isomorphic to the (pp, K})-cohomology of the attached space of automorphic forms, opening a
new door for investigations of the arithmetic of automorphic forms and representations appearing
in coherent cohomology. To cut a long story short, the Franke filtration is highly expected to
continue to play a profound role in future developments. Hence, we expect that our construction
of the Jacquet-Langlands correspondence for spaces of automorphic forms in terms of the Franke
filtration can lead to new explicit constructions in cohomology, as well as applications in arithmetic
and geometry.

In order to state here the main result, we introduce some notation and refer to the body of the
paper for more details. Let G be the general linear group, defined over a number field F' with the
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ring of adeles A, and let G’ be an inner form of G given as the group of invertible elements in the
matrix algebra over a division algebra D over F. Let Ap/) () be the space of automorphic forms
on G'(A) with the cuspidal support in the associate class ({P’}, o(7’)), represented by a cuspidal
automorphic representation 7’ of the Levi factor of a parabolic subgroup P’ of G’. It turns out,
cf. Step 0 in Sect. 4} that the global Jaquet—Langlands correspondence for the discrete automorphic
spectrum [5] gives rise to the unique cuspidal support ({Q}, ¢(0)) for G(A) corresponding to the
cuspidal support ({P'}, o(7’)) for G’'(A). In other words, one should face the delicate task of estab-
lishing a global Jacquet-Langlands correspondence between the spaces A(p/y o) and Aggy (o) of
automorphic forms, that respects their internal representation theory.

To this end, one needs a compatible structural description of these two spaces of automorphic
forms. The main difficulty is that the Franke filtrations of spaces of automorphic forms on the
general linear group, on the one hand, and of its inner form, on the other hand, are not compatible,
leading to the dictum that the Franke filtration as defined in [I4] is not functorial.

One of the main results of this paper is a functorial refinement of the Franke filtration of spaces of
automorphic forms on the general linear group. This functorial refinement of the Franke filtration
and the Jacquet—Langlands correspondence for spaces of automorphic forms are established in The-
orem Theorem and Theorem which are stated in a combined and slightly simplified
way in our theorem below, avoiding technical details. We point out that the theorems in the body
of the paper are more explicit and the established global Jacquet—Langlands correspondence can
be effectively calculated.

Theorem. Let Aipny ,(xry, respectively, Aigy, (s, be the spaces of automorphic forms on G'(A), re-
spectively, G(A), with cuspidal support in the associate class ({P'}, (7)), respectively, ({Q}, ¢(0)),
as above. Then, there exists a Franke filtration

241 _
Ay oty = Alpry oy 2 A ey 27 2 AP 2 A e = 10}

of the space Arpry o(xry, and there erists a functomal refinement of the Franke filtration

_ 40 041 _
A@)e(0) = AlQreto) 2 Mareto) 27 2 AlQreto) 2 A1) pi0) = {0}
of the space Ay o(s), such that there is an increasing functzon
¢:{0,1,.... 0y = {0,1,..., 0}

and an extended global Jacquet—Langlands correspondence for spaces of automorphic forms, denoted
by G, satisfying
i A~ % +1
G (Al ooy AL o)) = AL 01/ A0 i)

on the consecutive quotients of the filtration. These consecutive quotients of the Franke filtration
are described in terms of parabolic induction from discrete spectrum automorphic representations
of Levi factors, and the established Jacquet—Langlands correspondence G is compatible with the
Jacquet—Langlands correspondence for the discrete spectrum applied to the inducing data.

Let us elaborate a bit on the contents of the theorem. The crucial feature of our global Jacquet—
Langlands correspondence for spaces of automorphic forms is contained in the last sentence. The
fact that the new correspondence on the consecutive quotients of the filtration is obtained from
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the correspondence of the discrete spectra of Levi factors in the inducing data actually means that
our definition is precisely the desired extension and generalization of the correspondence for the
discrete automorphic spectrum of Badulescu [5].

The automorphic representations in our correspondence are the quotients of the Franke filtra-
tion, which are most of the time not irreducible. The irreducible constituents of these automorphic
representations are unramified at almost all places. These unramified representations are given by
the Satake parameters arising via parabolic induction from the Satake parameters of the unramified
representation in the inducing data. Since our Jacquet—Langlands correspondence is given by the
Jacquet—Langlands correspondence for discrete spectrum applied on the inducing data, the Satake
parameters of the irreducible constituents match at almost all places. This shows that our Jacquet—
Langlands correspondence for spaces of automorphic forms properly contains the functorial lift for
all irreducible automorphic representations predicted by Langlands functoriality as applied to the
identity map between the L-groups of G’ and G.

On the other hand, our Jacquet—Langlands correspondence is not just a correspondence which
transfers abstract representations and verifies only ex post that they indeed admit automorphic
realizations. Our Jacquet—Langlands correspondence is really a functorial lift of spaces of auto-
morphic forms themselves, that is, we work with the automorphic realizations of the considered
representations throughout. This fact is one of the crucial advantages of the approach using the
Franke filtration. The Jacquet—Langlands correspondence established in this paper is the corre-
spondence between quotients of spaces of automorphic forms that are spanned by derivatives of
degenerate Eisenstein series that can be explicitly described. The fact that the representations in
the correspondence are automorphic — which is usually very difficult to establish! — does hence not
require any further proof, as they are already realized in the spaces of automorphic forms.

As already mentioned, the theorems in the paper are more precise than the one stated here. First
of all, the Franke filtrations of Aypry () and Ay ,(s) are carefully chosen, so that the function ¢
can be explicitly calculated. A subtle point in the construction is that in the filtration of Aoy (o),
as defined by Franke [14], it can happen that one part of a quotient of the filtration is in the image
of the Jacquet-Langlands correspondence, while the other part of the same quotient is not in the
image. This cannot be avoided by choosing a different Franke filtration. Hence, we introduce a
functorial refinement of the Franke filtration in which these parts of the same quotient are sepa-
rated in two different quotients, and prove that it can always be achieved. Thus, the filtration of
A{Q},¢(0) that we define and use in the construction is strictly speaking not a Franke filtration, and
that is why we call it “a functorial refinement of the Franke filtration” in the theorem above.

The Franke filtration is defined in terms of certain groupoid of triples via a functor from the groupoid
to the category of representations of the given group. Our construction of the global Jacquet—
Langlands correspondence also establishes a correspondence between the groupoid of triples for
the general linear group and its inner form. We conclude this introduction by stating that an-
other interesting property of our so established global Jacquet—-Langlands correspondence is, that
it is functorial in the sense that it commutes with the technically challenging functors defining the
Franke filtration.
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1. PRELIMINARIES AND NOTATION

Let F' be an algebraic number field. Given a non-trivial place v of F, we denote by F, the
completion of F' at the place v. Let A be the ring of adeles of F'. For any F-algebra R, the matrix
algebra of r x r matrices with entries in R is denoted by M, (R).

Let D be a central division algebra over F' of degree d > 1. We say that D is split (or unramified)
at a given place v of F, if

D®pF, = Md(Fv).

Otherwise, we say that D is non-split (or ramified) at v. It is well-known that every D splits at
all but finitely many places and we let Vi, be that finite set of ramified places for D. If D is a
quaternion algebra, then Vi, is of even cardinality, cf. [40, Thm. 1.12].

Consider the matrix algebra A’ = M,,(D) of n x n matrices with entries in D. Given a place v of
F, there exist a unique positive integer r, and a unique (up to isomorphism) division algebra D,
of degree d, over F, such that r,d, = nd and

A=A ®p F, = M, (D,).

Observe that if v € Viam is a place at which D splits, then d, = 1 and A, & M, 4(F,).

The group of invertible elements in the algebra A’, viewed as an algebraic group defined over F,
is denoted by G/, and referred to as the general linear group over the division algebra D. Given a
place v of F, the group of F,-rational points of G/, is denoted by G, (F,). It is isomorphic to the
group of invertible elements of the matrix algebra A! = M, (D,) in the notation as above, that is,

G;L<Fv) = GL"'U(DU)'

The group of adelic points of GJ, is denoted by GI,(A).

In the case of D = F, i.e., the division algebra D is a field, we have d = 1, and the notation
is modified by simply removing the prime sign. Thus, we have A = M, (F), and the group of
invertible elements of A, viewed as an algebraic group over F, is denoted by G,. It is the usual
general linear group defined over the field F', so that, given a place v of F,

Gn(Fy) = GL,(Fy),

and the same holds for G, (A). The group G, is an inner form of the general linear group G, q4.

We fix once and for all the choice of a minimal parabolic subgroup P} (resp. Py) of G}, (resp. G,,)
defined over F', such that they are the subgroups consisting of all upper-triangular matrices in
some fixed basis of the underlying free D-modules (resp. F-vector spaces.) Then, in both cases,
the standard parabolic F-subgroups, i.e., those parabolic subgroups defined over F' that contain
the fixed minimal one, are in one-to-one correspondence with ordered partitions of n into positive
integers. Given such a partition n = (n1,...,nx), the corresponding standard parabolic subgroup
P! (resp. P,) consists of the block-upper-triangular matrices in G, (resp. G,,) with blocks along the
diagonal of sizes ni,...,n;. The parabolic subgroup P}, (resp. P,) exhibits the Levi decomposition
with Levi factor B

(1) L= Gl) x-x G

Nk

(resp. Ly = Gpy X -+ X Gp,).
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Observe that, in both groups, two parabolic subgroups are associate if and only if the corre-
sponding ordered partitions are permutations of each other. In other words, the associate classes of
parabolic subgroups are in one-to-one correspondence with unordered partitions of n into positive
integers. All parabolic subgroups in this paper are standard, unless specified otherwise.

For all positive integers n, let v denote both the character of G, (A) given as the absolute value
of the reduced norm and the character of G,,(A) given as the absolute value of the determinant. For
a given parabolic subgroup P’ of G/, (resp. P of Gy,), let X*(P’) (resp. X*(P)) be the Z-module of
F-rational characters of P’ (resp. P). Let apr = X*(P')®zR and ap = X*(P)®zR. These are finite-
dimensional real vector spaces, and we add subscript C to denote their complexifications. If the
parabolic subgroups P’ and P both correspond to the ordered partition n = (nq,...,ng) of n, then
these vector spaces are of dimension k. We fix the bases of ap; and ap and their complexifications
in such a way that the k-tuple s = (s1,...,si) of real or complex numbers corresponds to the
character vg given by the assignment

(£1,€2, R ,ék) — V(£1)81y(£2)82 - V(ek)sk,

where (£1,...,0;) € Ly(A) (resp. ((1,...,0) € Ln(A)), with £; € G}, (A) (resp. {; € Gy, (A)),
according to . Let dg," and dg" denote the subspaces consisting of characters that are trivial on
the center. In the coordinates fixed above, these are given by the condition

n1s1 +nosg + -+ ngsg =0,

and are of dimension k — 1, which is the corank of the parabolic subgroups P’ and P. The closure
of the positive Weyl chamber in dJGD," and El]GD" is given by the condition

812> 892> > S

in coordinates as above.
For any given parabolic subgroup P’ of G/, (resp. P of Gy,), there is a canonical inclusion of the

LG LG e . . - .. .
space dp; into @/ (resp. ag” into aIG;:), given by restriction of characters. We denote this inclusion
0

by the same letter ¢/ (resp. ¢), regardless of the parabolic subgroup P’ (resp. P) to which it refers.

Explicitly in coordinates, if P’ and P both correspond to the ordered partition (ng,...,ng) of n,
then
/ -Gl
L(§) = (81,...,81,82,...,Sg,...,Sk,...,Sk) € ClP(,),
— VGn
L(8) = (S15+ v+ 5815825438250y Sky ooy SK) € AP,
where s; appears n; times on the right-hand sides, and s = (s1,..., s3) is viewed as an element in

ﬁgﬁ in the first line, and as an element of ﬁg" in the second line.
A certain partial order on dgé" and ﬁ]G;O", denoted by >, plays an important role in the definition

of the Franke filtration below. In the general setting, it is defined in [I4], p. 233], and in the case of
the general linear group in [21, Eq. (2.2)]. For the inner form of the general linear group the same
inequalities apply. More precisely, for given elements s = (s1,...,s,) and t = (¢1,...,t,) of either
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dg? or ﬁgg, we have that s > ¢ if and only if s # ¢ and the system of inequalities
0

s1 <ty
s$1+ 89 <t1+ 19

si1t+s2+--+sp1<tit+tat-Fip

is satisfied.

The Weyl group W of G}, and G,, is isomorphic to the symmetric group of n letters. A permu-
tation in W acts on the maximal split torus by permuting its factors. Given a parabolic subgroup
P’ (resp. P) of G}, (resp. G,), with the Levi factor L’ (resp. L), let W, (resp. W1,) denote the
Weyl group of the Levi factor. Let W (resp. WF) denote the set of minimal coset representatives
for the right cosets in W \W (resp. W \W). Let W(L') (resp. W (L)) denote the set of w € W’
(resp. w € W) such that the conjugate of L’ (resp. L) by w is a standard Levi subgroup. If P’
and P correspond to the same ordered partition n = (ny,...,ng) of n, the W(L') and W (L) can
be both identified with the set of permutations of k letters. A permutation in W (L') and W (L)
acts on L' and L by permuting the diagonal blocks.

In the discussion above, a certain fixed choice of a maximal compact subgroup K’ (resp. K) of
G.,(A) (resp. Gn(A)) is implicitly assumed, as in [37, Sect. I.1.4], or [27, Sect. 9.2]. In particular, it
is in good position with respect to the fixed choice P} (resp. Py) of a minimal parabolic subgroup.

As often in the theory of automorphic forms, we work with automorphic forms that are finite
for the action of the fixed maximal compact subgroup, as in [§]. Hence, the spaces of automorphic
forms considered here are not representations of the full group G}, (A) and G, (A). Nevertheless,
we abuse the language, and refer to such spaces as (automorphic) representations of G/, (A) and
Gr(A). The reader, who is interested in an extension of this theory, which in fact provides actual
continuous representations of groups of adelic points, is referred to [27] and [29].

2. THE GLOBAL JACQUET-LANGLANDS CORRESPONDENCE FOR THE DISCRETE SPECTRUM

In this section we recall the main global results of Badulescu [5] and Badulescu-Renard [7], in
which the global Jacquet-Langlands correspondence for the discrete spectra of G, (A) and G,,(A)
is established. The former paper is written under the assumption that D splits at all archimedean
places, and the latter removes that assumption. We avoid here all the technical details required in
the construction of the global Jacquet—Langlands correspondence, and only state the results in the
form relevant for this paper. In particular, we do not explain the local Jacquet—Langlands corre-
spondence for unitary representations, the crucial local ingredient in the construction of Badulescu
and Badulescu-Renard, and refer the interested reader to [5] and [7]. However, for convenience of
the reader familiar with the work of Badulescu and Renard, whenever possible we use their notation
and terminology of [7].

We begin by recalling the classification of the discrete spectrum of Gy, (A) obtained by Maeglin
and Waldspurger [36]. Given a cuspidal automorphic representation p of Gy, (A), and a positive
integer k such that mk = n, the parabolically induced representation

Gn(A) k=1 b3 e
Indp(m,m ,,,,, m) (&) (py 2 QU2 @---Qpr 2 )
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has a unique irreducible quotient. Following [5], we denote that quotient by MW (p, k). The main
result of [36] says that MW (p, k) is isomorphic to a residual automorphic representation of G,,(A)
if £ > 1, and all residual representations of G, (A) arise in this way. In the remaining case of k = 1,
we have MW (p,1) = p, which gives all the cuspidal automorphic representations of G, (A).

A segment of cuspidal automorphic representations is a tensor product of the form

A=Apa,b)=p@p @0
where p is a cuspidal automorphic representation of G,,(A), and a and b are real numbers such

that /(A) = b—a + 1 is a positive integer called the length of A. The segment A as above is the
cuspidal support of the twisted discrete spectrum representation

MW (p,b—a+ 1)VQ7M.
Conversely, given a twisted discrete spectrum representation
MW (p, k)v®,

where p is a cuspidal automorphic representation of G,,(A), k is a positive integer, and s a real
number, then its cuspidal support is the segment

k—1 k—1
(p’s 2 7T T )

In other words, there is a bijection between all segments and all twisted discrete spectrum repre-
sentations of G,,(A) for varying positive integer n.

The analogue of the Maeglin—-Waldspurger classification in the case of inner forms is obtained
in the course of establishing the global Jacquet-Langlands correspondence in [5], [7]E| We follow
the exposition of [7, Sect. 18]. The global Jacquet—Langlands correspondence is an injective map,
denoted by G as in loc. cit., from the set of irreducible summands in the discrete spectrum of any
of the groups G}, (A) with n > 1 into the set of irreducible summands in the discrete spectrum of
Gna(A), where d is the degree of the division algebra D over F. The image G(o’) of an irreducible
summand o’ of the discrete spectrum of G/ (A) is referred to as the Jacquet—Langlands transfer of
o’

Given a cuspidal automorphic representation p of G,,(A), there exists a unique positive integer
k, such that the representation MW (p, k) is in the image of the Jacquet-Langlands correspondence
G if and only if k, divides k, cf. [5], [7]. This fact describes the image of the Jacquet-Langlands
correspondence. Moreover, k, divides d.

Let p' be the irreducible representation in the discrete spectrum of G/ ,(A) such that G(p') =
MW (p, kp). In particular, we have m’d = mk,. Then, p’is a cuspidal automorphic representation of
G! ,(A), and all cuspidal automorphic representations of G/ ,(A) are of such form for an appropriate
p, cf. [B], [1].

Given a positive integer £/, such that m’k’ = n, the parabolically induced representation
Gn(4)
P/

’
3

Ind (A) (p’ykpkzl ® p’ykp% R ® p’y_kpkzl)
/ m/)

has a unique irreducible quotient denoted by MW'(p', k). As in the case of G,,(A), the represen-
tation MW'(p', k") is isomorphic to a residual automorphic representation of G/,(A) if &' > 1, and

IThe distinction of the residual representations in the discrete spectrum of inner forms is the subject of the
appendix by N. Grbac in [5].
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all residual representations of G/, (A) arise in this way. If &’ = 1, then MW'(p’,1) = p’ which gives
all cuspidal automorphic representations of G} (A). See the appendix in [5].
Then, the Jacquet—Langlands correspondence is given explicitly by the assignment

G(MW'(p',K')) = MW (p, k),

where k = k,k/, and p and p’ are related by the condition G(p') = MW (p, k,) as above.
The notion of segments can be introduced in the case of inner forms. A segment for G, is a
tensor product of cuspidal automorphic representations of the form

A = AN(p5a,b) = p'vFet @ pvFeletD) @ g plikeb,

where a and b are real numbers such that b—a+1 is a positive integer, p’ is a cuspidal automorphic
representation of G/ ,(A), and p and k, are related to p’ by the condition G(p') = MW (p, k,) as
above. Then A’ is the cuspidal support of the representation

MW'(p',b—a+ 1)Vk”a7+b,
and conversely, given a twisted discrete spectrum representation
MWI(,O/, k)l/kps7
its cuspidal support is the segment
k—1 k—1
A pis— .
<p 7S 2 , S + 2 >

Hence, there is a bijection between all segments for G, with varying n > 1, and the twisted discrete
spectrum representations of all G/, (A).

3. THE FRANKE FILTRATION FOR INNER FORMS OF THE GENERAL LINEAR GROUP

The Franke filtration is originally defined in terms of certain triples [I4], [I5]. Due to the results
of [36], recalled in Sect. [2| in the case of the general linear group these triples can be combinatorially
described in terms of segments. The definition of the filtration in the case of the general linear group
is given in [21), Sect. 2|, and the combinatorial description of the triples in [21, Lemma 3.1]. The
Franke filtration, as well as its combinatorial description in terms of segments, can be extended to
the case of inner forms of the general linear group. That is the subject of this section. In addition,
we carefully fix certain convenient choices in the definition of the Franke filtration for the inner
form, so that the description of the Jacquet—Langlands correspondence below becomes feasible.

Let G!, be the inner form of the general linear group, as in Sect. [I} We fix the cuspidal support
as the associate class represented by a cuspidal automorphic representation

= Pt @ phr? @ - @ p,
of the Levi factor L'(A) of the parabolic subgroup P'(A), where p’ is a cuspidal automorphic
representation of G ,(A), with Zé’:l m;- = n, and the exponents si,...,s; are real numbers.
J

Note that P’ is the parabolic subgroup corresponding to the ordered partition (m/,...,m]) of n.
Without loss of generality, we may and will assume that the representative is chosen in such a way
that s1 > s9 > - > s;. Recall also that we assume Zé’:l m}sj =0.

Let A{pr} o(=) denote the space of automorphic forms on G, (A) with cuspidal support in the
associate class p(7’), represented by 7/, of cuspidal automorphic representations of the Levi factors
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of parabolic subgroups in the associate class { P’} represented by P’. See [21], Sect. 2| for a precise
definition that applies to inner forms as well. Recall that two parabolic subgroups are associate if
their Levi factors are conjugate by an element of the Weyl group. Two representations of the Levi
factors of associate parabolic subgroups are associate if they are conjugate by the same Weyl group
element.
In what follows, the cuspidal support {P’} and p(7’) is fixed. Hence, we omit the reference to
the cuspidal support in notation, except at the first mention of a new object.
The triples for Apry ,(r) are defined as follows. Let M’ = M pn o) be the set of triples
(R, 1T, 2') where
e R is a parabolic subgroup of G/, containing an element of the associate class {P'},
e II' is a unitary discrete spectrum representation of the Levi factor Ly (A),
e 2 is an element of ﬁg% in the closure of the positive Weyl chamber for R/,
such that the cuspidal support of II' twisted by the character corresponding to 2z’ is in the associate
class p(n"). The structure of a groupoid on M’ is defined by taking the triples as objects, and
an isomorphism from a triple (R/,II',2’) to (S',%',¢’) is an element w € W{(Lpg/) such that the
conjugate action of w transforms Lps into Lg/, I into ', and 2’ into ¢’. Recall that w € W (Lg/)

can be viewed as a permutation that acts on the Levi factor Lr by permuting the diagonal blocks,
on the dlscrete spectrum representation II’ by permuting factors in the tensor product, and on

elements of a R/" by permuting the coordinates.
Consider the set " = S;pry ,(x1), consisting of all //(z'), where 2’ ranges over the third entry of
all triples in M’, and ¢/ is the inclusion introduced in Sect. It is a finite subset of aP . The

decisive ingredient of the Franke filtration is a choice of a function 7" = T(pry, (1) ON the set &,
taking integer values, and compatible with the partial order > defined on ag, in Sect. (1, In other
0

words, for /(') and //(¢') in §’, we have

(2) T'(/(2) > T'(/({),

whenever /(2') = //({').

The Franke filtration of the space Ayp/ 1y is a descending filtration

hp(m

7 i+1
. ;) ‘A{P’},cp(ﬂ”) 2 A{Pl},(p(ﬂ'/) 2 ey

indexed by integers, where the structure of the consecutive quotients of the filtration is described
in terms of induced representations as

; & col L8 (g 0
3) Atpry ot Aoy iy = S0l (IG5 (T @ 02) © ()
T ()i

where Ind stands for the normalized parabolic induction, S (dgﬁc) denotes the symmetric algebra

associated with the vector space Etg,%(c, and the colimit is taken with respect to the functor M’ =
M pry () from the groupoid M’ of triples to the category of representations of Gf7,(A), as in [14]
and [2I] Sect. 2]. The notion of a representation of G/, (A) is understood in the sense of Sect.
The filtration is finite, as only finitely many quotients are non-trivial.
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The functor M’ is defined on the objects of M’ by
G (A e

(4) M (R, T, 2)) = Tnd ) (I @ vr) @ S(a5re)-
For an isomorphism w € W (Lg/) from (R',I',2’) to (S, %', ('), the action M'(w) of the functor
M’ is the intertwining operator between the two parabolically induced representations. The precise
definition is given in [14, page 234].

So far everything is in complete analogy to the case of the general linear group studied in [21].
At this point we specify a convenient choice of T = T, (P 1y to be used below in the construction

of the Jacqeut—Langlands correspondence of .A{ P} p(n)-

bop(m

Proposition 3.1. Let {P'} and p(n') be a fized cuspidal support as above. The finite set S’ =
S(pry,p(x) admits a unique ordered partition

El
s'=Js
=0

in disjoint non-empty subsets S, such that
(i") the elements in the same subset S| are incomparable,
ii’) for 0 < ig < i < ¥, elements /(Z') in S! and J/(2) in S, are either incomparable, or
i 0 20

J(Z) = (z), and

iii’") for every given element J/'(z}) in S. , and for every integer i such that ig < i < ¢, there

0 i0

exists /(') in S| such that /(') = (),

in the partial order > on ﬁg% defined in Sect. . See Figure .
0

Proof. The construction of subsets S/ is inductive, but we first obtain them in the reverse order
than what is required. It is a standard construction of a partition in antichains of a finite partially
ordered set, and we recall it here to fix the choices. Let S§"* be the set of all maximal elements
in the partial order > on &’. Since the set &’ is non-empty and finite, S§™* is non-empty. Suppose

that ¢ > 0 is an integer, and the non-empty subsets SJ‘?‘“X are constructed for 0 < j <7 —1. If

i—1

U S;LHX — Sl,
=0

the construction is finished and we have constructed the auxiliary partition of S’. Otherwise, a
non-empty set SH* is defined as the set of all maximal elements in the partial order > on the
non-empty finite set

i—1
S\ s

§=0
In a finite number of steps, we obtain the auxiliary partition
Z/
Sl — U Siaux
i=0

of the set &’ in ¢’ + 1 subsets. The partition required in the proposition is then simply defined by

!/ aux
Sl = S5
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(iii") VU'(zo") 3U(2)
such that U'(z") is
greater than U'(z,").

(ii") ' (z") are either
greater than, or
incomparable to, t'(zq").

(i") Elements of the same
set are incomparable.

FIGURE 1. Partition of &’ as in Proposition

for 0 < i < ¢'. We claim that this partition satisfies (i’)-(iii’) of the proposition.

By the construction using remaining maximal elements in each step, it is clear that (i) holds,
because if two elements of the same subset S/ were comparable, then one of them would not be a
maximal element in the appropriate set.

Suppose that (ii’) does not hold, that is, there exist elements /(') in S; and ¢/(z5) in S} such
that 0 < iy < i < ¢ and /(') < /(z(). But then, //(z') is not a maximal element in the appropriate
set, because (/(z()) is greater, so we obtain a contradiction.

Finally, we first prove (iii’) for i =i + 1. Let ¢/(2;) be any given element in S; . Suppose the
contrary, that is, there is no element /(') in Sj_,; such that ¢/(2’) > ¢/(25). The other inequality
is also not possible by (ii’), which is already proved. Hence, ¢/(z{,) would be incomparable with
V/(2') for all elements //(z) in &} ;. But this would mean that «'(z() could have been chosen as a
maximal element already in the construction of S ;. This is a contradiction with the fact that we
choose all maximal elements in each step of the construction. In general, if 7o < ¢ < ¢ is arbitrary,
the claim follows step-by-step by looking at consecutive integers from iy all the way up to i. For
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each pair of consecutive integers we already proved the claim, and invoking the transitivity of the
partial order > implies (iii’).
It remains to prove uniqueness. Suppose that
K//

s'=Js/

i=0
is a different partition of the set S’ satisfying (i’)-(iii’) of the proposition. Let i be the least integer
such that S),_, # Sj,_,. By the construction, S,_, consists of all maximal elements in the set

ZN
/ ! / 174
Stem =S\ U Si=8\ |J S
=0 —i+1 Jj=0"—i+1

of remaining elements in the i-th step of the construction above. Since the other partition satisfies
(i), all elements of Sy, _, are incomparable and according to (ii’) they are either greater than, or
incomparable to, all elements of S}, \ Sj.,_,;. Hence, all elements of Sj,_, are maximal in S},
so that Sy,_, C S' ,_;- The other inclusion follows from (iii’). More precisely, if there exists ¢/(2’)
in Sj,_, \ Sj,_;, then, in the second partition, //(z') must belong to some S} with ig < £” —i. On
the other hand, since Sy,_, € S;_, and /(2/) € S’,_Z-, it follows from (i’) applied to Sj,_; that
V(2) € S is 1ncomparab1e to all elements of Sj,_,. This is a contradiction with (iii’) for the

second partltlon Hence, Sy, _, = S;,_,, and thus the two partitions are equal. O

Theorem 3.2. Let Aypry ,(xy be the space of automorphic forms on G, (A) with cuspidal support
in the associate class represented by w' as above. Then, it can be arranged that the Franke filtration

of A(pr} (=) takes the form

0
(5) APyt = Ap o) 2 Apy e 270 2 Alp e 2 A e = (0
where the consecutive quotients of the ﬁltmtzon are isomorphic to
i+1 ~Y : (A) vG;I
(6) Pyt /&?mwfﬂmﬁgémom ) (@ ve) @ SR
V(2')eS]

fori =0,1,....0', and S are the subsets in the partition of S" = S{pr} (xy of Pmposztzon
This form of the Franke filtration is the shortest possible Franke filtration of A{ Py o)

Proof. The form of the Franke filtration is determined by the choice of function 7" = T{ P} p(x') OIL
S’ that satisfies condition (2). We make the choice of 7" by assigning
T()) =i

for every /(') in S/, where ¢ = 0,1,...,¢. This function satisfies condition (2), because of proper-
ties (i) and (ii’) of subsets S in Proposition Since the preimage of i = 0,1,...,¢ under 7" is
S/, the consecutive quotients of the Franke filtration obtained from this choice of T” are as in
equation @

The fact that the form of the Franke filtration is the shortest possible follows from property
(iii”) in Proposition which implies that there is a chain of length ¢ + 1 in the partial order on

S’. Hence, the range of T” must be at least of cardinality ¢ + 1, in order to satisfy condition (2),
so that the length of the filtration is at least ¢’ + 1, as claimed. O
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Remark 3.3. Fixing the form of the Franke filtration as in the theorem, or equivalently the fixed
choice of function 7" = T (P'},o(x) @ in the proof, in the case of the inner form of the general linear
group is required to make the Jacquet-Langlands correspondence explicit in Sect. [ We remark
that the choice of function 7" is exactly the choice that produces the Franke filtration compatible
with the ranks of Eisenstein series in the case of cuspidal support of a residual representation of

G, (A), as in [21, Sect. 4].

4. THE GLOBAL JACQUET-LANGLANDS CORRESPONDENCE BEYOND THE DISCRETE SPECTRUM

In this section we define the Jacquet-Langlands correspondence for spaces of automorphic forms.
It is defined in terms of the consecutive quotients of the Franke filtration. The process of construc-
tion of the Jacquet—Langlands correspondence is divided in several steps in which we study all the
necessary ingredients to formulate and prove our final result.

STEP 0: The cuspidal supports. Step 0 in establishing the global Jacquet—Langlands corre-
spondence is to relate the cuspidal supports of the considered spaces of automorphic forms. It is the
step that detects which spaces of automorphic forms should be related by the Jacquet—Langlands
correspondence.

Let the cuspidal support for automorphic forms on the inner form GJ,(A) be the associate class
represented by a cuspidal automorphic representation

™ = Pt @ phr? @ - @ p,
of the Levi factor L'(A) of the parabolic subgroup P'(A), where p’ is a cuspidal automorphic
representation of G;n,_ (A), with 22:1 m; = n, and the exponents si,..., s are real numbers, as in

J
Sect.[3] Recall that P’ is the parabolic subgroup corresponding to the ordered partition (m/, ..., m;)
of n, we may assume that the representative is chosen in such a way that s; > s9 > --- > g/, and
l

that > ., mis; =0.

We denote by

g(ﬂ-l) = {817 82, 7Sl}

the multiset of exponents appearing in the cuspidal support represented by 7/. Given a cuspidal
automorphic representation p’ of G/ ,(A), let £, (n’) be the submultiset of £(n’) consisting of the
exponents in 7’ associated with p’. Note that £, (7’) is empty if p’ does not appear in 7’.

The only natural way to define the Jacquet-Langlands transfer 7 of the cuspidal support 7’ is
to apply the global Jacquet—Langlands correspondence for discrete spectra

m=G(') = G(p)v" @ G(py)r? @ - @ G(pv™
= MW(pla km)VSI ® MW(/)Qa kﬂ2)V82 @ MW(ﬂb kﬁz)V5lv

as defined in Sect. Here p; is a cuspidal automorphic representation of Gy, (A) and k), is a
positive integer with m’d = m;k,,, which are determined by the condition G(p}) = MW (p;,k,;).
Thus, 7 is a (possibly residual) discrete spectrum representation of the Levi factor M(A) of the
parabolic subgroup P of G4 corresponding to the ordered partition (mik,,, makp,,...,mk,,) of
nd.

However, since 7 is not always cuspidal, we take its cuspidal support to serve as the cuspidal
support of the considered automorphic forms on G,4(A). Its representative can be given explicitly
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as the cuspidal automorphic representation

L 54 Fp1 73 PO Bk
o'%plyl 2 ®P1V1 2 ®...®plyl 2
kpy—1 kpy—3 _kpy—1
Rpa?T T @p?TT T @ @pr®T T T @
kp;—1 kp; —3 kpy -1
@ @ttt T @ @t 2

of the Levi factor of the parabolic subgroup @ of G,,4 corresponding to the ordered partition
(M1, ..., M1, Moy Moy My, ., MY

of nd, where m; appears k,, times in the partition. As in the case of inner form, we denote by
E(o) the multiset of exponents of o, and by £,(c) the submultiset of exponents associated with a
cuspidal automorphic representation p of Gy, (A).

The following lemma shows that this construction is well-defined, that is, independent of the
representative of the associate class, and non-associate cuspidal supports for G/,(A) are assigned
non-associate cuspidal supports for G,4(A). Recall that associate cuspidal supports in our case are
obtained from each other by a permutation of factors in the tensor product.

Lemma 4.1. In the construction of the representative o of the cuspidal support for Gnq(A) from the
representative ™' of the cuspidal support for G} (A) in the notation as above, two representatives of
cuspidal supports for Gl (A) are associate if and only if the corresponding representatives of cuspidal
supports for Gnq(A) are associate.

Proof. Tt is clear that associate cuspidal supports 7’ give rise to associate o, because they are
associate by the same permutation at the level of 7’ and 7. The more subtle fact is that non-
associate ' cannot give rise to associate cuspidal supports o.

The idea of the proof is to show that 7 constructed from 7’ is uniquely determined by o, up
to permutation of factors in the tensor product. By the construction of o, it contains a segment
corresponding to each factor MW (p;, kpj)z/sj in the tensor product for w. The problem is to prove
that these segments cannot be rearranged in such a way that they produce a tensor product not
associate to . More precisely, we must prove that any partition of o in segments of lengths k, is
a permutation of the partition given by the factors in the tensor product for .

The segments can be constructed only from factors with isomorphic p;. Hence, suppose that p
is a cuspidal automorphic representation isomorphic to some p;. Then, the part of o that can be
used in the construction of the segment involving p is of the form

kp—1

®pyt1+$®...®pytl_%®“_

kp—1
pyt1+72
kp—1

e ® pyt’“—"_kp;l %) pl/tr—i_kp;s R R® pytr— 2,
where 1,...,%, are the exponents in 7 corresponding to all p; isomorphic to p. In other words,

ky—1 .  k,—3 k,—1 ky—1 . k,—3 k,—1
5 st + 5 R 2 B 5 R R 5 st + 5 ey bp — 5

£, (0) = {tl +

is the multiset of exponents in o associated with p, where t1,...,¢, form the multiset £, (n’) =
{t1,...,t,} obtained from 7/, where p’ and p are related as in the construction above. The multiset
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E,(0) is obtained as the multiset sum of segments

k,—1 k,—1
A(p;tj— p2 b5+ p2 ),

which are all of length k,. The goal is to prove that the same multiset £,(c’) cannot be obtained as
the multiset sum of segments all of which are of length k, in a different way. This will imply that
7 is uniquely determined by o, up to permutation of factors in the tensor product, as required.
The above goal is achieved by the following algorithm that produces a unique partition of £,(o)
in segments of length k,. Choose any maximal element of the multiset £,(0). It must be an
element of a segment of length k,. This uniquely defines a segment, which can be removed from
the multiset. In the remaining multiset, choose again a maximal element, and remove the uniquely
determined segment of length k, in which it is contained. This algorithm shows that the partition
of the multiset of exponents into segments of length k, can be constructed in a unique way, which
is the original partition from which the multiset is obtained. Thus, the lemma is proved. 0

The lemma implies that, given a cuspidal support for G, (A) represented by 7/, the construction
of o defines a unique cuspidal support for G,4(A) represented by o, and the assignment of associate
classes

o(r') = p(o)
defines an injective map. Hence, as Step 0 towards the global Jacquet—-Langlands correspondence

of the spaces of automorphic forms, we define the injective map, still denoted by G, between the
spaces of automorphic forms with a fixed cuspidal support given by

G (App) = AQe(0)
where o and @Q are determined by 7’ and P’ as in the construction above.

It remains to characterize the spaces of automorphic forms on G,4(A) that are in the image of
the Jacquet-Langlands correspondence from G7,(A). Let Agqy.(se) Pe the space of automorphic
forms on G,4(A) represented by a cuspidal automorphic representation oy of the Levi factor of a
parabolic subgroup Q. Consider the multiset £(o() of exponents of og. It can be decomposed
in a multiset sum of £,(0g) over cuspidal automorphic representations p of general linear groups.
Then, it is clear from the construction above that the space Aqg,} o(o0) 18 in the image of the
Jacquet-Langlands correspondence if and only if £,(0p) can be decomposed in a multiset sum of
segments of length &, for every p such that £,(0p) is non-empty.

STEP 1: The set of triples. The next step in the construction of the global Jacquet—Langlands
correspondence for spaces of automorphic forms is to establish the Jacquet—Langlands transfer of
triples in M’ = M pry o(x), for a fixed cuspidal support represented by 7/ as in Step 0. According
to Step 0, the image of the transfer is in the set M = Mgy () of triples for the transferred
cuspidal support represented by o.
Let (R, I, 2') be a triple in M’, where
e R/ is the parabolic subgroup of G/, corresponding to the ordered partition (n1,...,n,) of n,
o II' 1T/ ® --- ®II is the discrete spectrum representation of the Levi factor of R/, where
H;- is a unitary discrete spectrum representation of G;Lj (A),

e 2/ = (21,...,2) is in the closure of the positive Weyl chamber in dg/", so that z; are real
numbers such that z;1 > -+ > z,.
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The Jacquet—-Langlands transfer of triples is defined as the injective map, denoted again by G,
from the set of triples M’ into the set of triples M given by the assignment

G((R/7H,’§,)) = (G(R/), G(H/), G(gl)) = (R, Hai)a
where (R, II, z) is the triple in M defined as

e R is the parabolic subgroup of G4 corresponding to the ordered partition (nid,...,n,d)
of nd,

o II =21} ®--- ®II,. is the discrete spectrum representation of the Levi factor of R, where
II; = G(II}) is the global Jacquet-Langlands transfer of II; from Gj, (A) to Gy;a(A) as in
Sect. [2]

e z=(z1,...,2) is the same r-tuple as 2/, viewed as an element in the closure of the positive
Weyl chamber in dg"d.

Observe that the last entry 2’ in the triples remains unchanged in the transfer, but is viewed as an
element of a different space.

According to [21, Lemma 3.1], which applies also to the case of inner forms, the sets of triples M’
and M are in finite-to-one correspondence with partitions of their cuspidal supports in segments.
The image of the Jacquet—Langlands correspondence G on the set of triples is described in the
following lemma in terms of partitions in segments. We denote by ME = M?Q}#P(ﬂ the set of

triples obtained as the Jacquet-Langlands transfer of the triples in M’.

Lemma 4.2. The triple (R,IL,z) in M = Mg} (o) i5 in the image of the Jacquet-Langlands
correspondence G of a triple in M’ = Mpry oy if and only if it corresponds to the partition of
multiset £(o) of exponents appearing in the tensor product for o into segments such that the lengths

of all segments based on any given unitary cuspidal automorphic representation p are multiples of
k.

Proof. The idea of the proof is the same as in Lemma It is clear that the image of a given
triple in M’ is of the required form. The converse is again more subtle. Given a triple in M’ which
corresponds to a partition of £(o) as in the statement, one should prove that it is obtained as the
Jacquet—Langlands transfer of a triple in M’. But the length of a segment in the partition is a
multiple of k, for p on which the segment is based. Hence, it is a union of k segments of length
k,. It follows that decomposing each segment into a union of segments of length k, gives rise to
a decomposition of £(0) into a multiset sum of segments of length k,. However, it is proved in
Lemma that such a decomposition is unique and corresponds to the decomposition of 7 into
tensor product, as required. ]

STEP 2: The isomorphisms in the category of triples. The purpose of this step is to show
that the isomorphisms between triples are preserved under the Jacquet—Langlands correspondence
of triples. Thus, the Jacquet—Langlands correspondence G can be viewed as a (covariant) functor
from the groupoid M’ to the groupoid M, where its action on objects is given in Step 1, and now
we define the action on isomorphisms.

Recall that, given two (possibly equal) triples (R’,II', 2’) and (S’,%’,¢’) in M’, an isomorphism
from the former to the latter is any element w’ € W(Lg/) such that the conjugate w'Lrw'~! of
the Levi factor Lg of R’ is the Levi factor Lg of S’, and the conjugates by w’ of II' and 2" are
w'(IT') = X" and w'(2') = {’, respectively. If the parabolic subgroup R’ corresponds to the ordered

partition n = (ny,...,n,) of n, then the elements of W (Lp/) can be identified with the set of
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permutations of r letters. In this identification, the permutation w’ € W(Lg/) acts on the triple
by permuting the diagonal blocks of the Levi factor of R, the factors in the tensor product of 1T,
and the coordinates of z’.

Let (R,IL,2) = G((R,II',2)) and (S, %,¢) = G((5',%,{’)) be the Jacquet-Langlands transfers
of (R',1I',2') and (S', %', '), respectively. These are triples in M. The isomorphisms from (R, 11, 2)
to (S,%, () are elements of W(Lpg) which conjugate Lr to Lg, IT to 3, and z to (. The parabolic
subgroup R corresponds to the ordered partition (nid,...,n,d) of nd. Hence, the elements of
W(LR) can also be identified with permutations of r letters, under which the permutation w €
W(LR) acts on the triple by permuting the diagonal blocks of the Levi factor Lg, the factors in
the tensor product of II and the coordinates of z.

Observe that by definition, thela third entry 2’ of all the triples in M’ belongs to the closure of

the positive Weyl chamber in ﬁg,”, which is given by the condition z; > --- > z, in coordinates.
Hence, an isomorphism w’ € W (Lg/) is a permutation of coordinates that preserves that condition.
More precisely, isomorphism may permute only the equal coordinates of z’. The same holds for the
isomorphisms in M.

Given w' € W(Lp), let w = G(w') € W(LRg) be such that w and w’ correspond to the same
permutation under identifications introduced above. The following lemma shows that isomorphisms
are preserved under G.

Lemma 4.3. In the notation as above, w' € W(Lg/) is an isomorphism from (R/,IU',z') to
(8,%', ') if and only if w = G(w') € W(Lg) is an isomorphism from (R,1I,z) = G((R',II',2'))
to (S5,%,() = G((S’, E’,g’)). In other words, the sets of isomorphisms are identified under G.

Proof. By definition of the Jacquet—Langlands correspondence on triples, it is clear that G com-
mutes with the action of w’ € W(Lg/) and w € W(Lg) that are identified with the same permuta-
tion. Thus, the claim follows. ([l

In the construction of the Jacquet—Langlands correspondence below, we also need the following
simple lemma, which assures that there are no isomorphisms between two triples in M, one of
which is in the image of the Jacquet-Langlands correspondence, and the other is not.

Lemma 4.4. Let w € W(R) be an isomorphism from the triple (R,11, z) to the triple (S,%, () in
M. Then (R,11, 2) is in the image of the Jacquet—Langlands correspondence of triples if and only
if (S,%,¢) is in that image.

Proof. Since isomorphisms w € W(R) are given as permutations of diagonal blocks, factors in
tensor products and coordinates in the triple (R, II, z), the lengths of the segments in the partition
associated with (R,II, z) as in [2I, Lemma 3.1], remain unchanged under the action of w. On the
other hand, the image of the Jacquet—Langlands correspondence of triples is described in Lemma
in terms of the lengths of these segments. Thus, the lemma follows. O

STEP 3: The partial order on the set of triples. In this step we prove that the Jacquet—
Langlands transfer of triples, defined in Step 1, preserves the partial order required for the Franke
filtration and introduced in Sect.[ll At the first look, it seems there is nothing to prove, as the third
entry of the triples remains unchanged. However, the image in the minimal parabolic subgroup is
what should be compared. Given the third entry 2’ = (21,...,2.) of a triple in M’ let

[’,(gl) = (<17 ceey Cn) € ﬁIGJéL
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denote the inclusion of 2’ into ﬁIGJ. Then, under the Jacquet—Langlands transfer, the inclusion of
0

z=G(Z) into Et]G,”d is clearly given as

UG(Z)) = (Clye s G Care i Cove s Gy oy Cn) € AT,

where each (; appears d times. The following lemma solves the issue of partial order under the
Jacquet—Langlands correspondence.

Lemma 4.5. In the notation as above, the partial order = recalled in Sect. [1| is preserved under
the Jacquet—Langlands correspondence, that is, for any pair of triples in M’ with the third entries
2y and i, we have that

/(z)) = (25)
if and only if
UG(z1)) = UG(zD)).
Proof. Since G, as well as ¢ and ¢/, is a linear map, it is sufficient to prove that
1 LG,
J(2)-0¢€ ap;
if and only if
(G(Z) =0¢€ dggd

for every element 2z in the appropriate space ﬁIGD?. Writing //(2') and «(G(2’)) in terms of coordinates
as above, this claim is reduced to the equivalence of two systems of inequalities. The first system
consists of n — 1 inequalities given as

Gt GO,
where i = 1,...,n — 1. The second system consists of nd — 1 inequalities given by
dCi+---+d¢—1+c¢; <0,

where j =1,...,nand ¢c=0,...,d — 1, with ¢ # 0 in the case of j = 1.

Observe that all the inequalities of the first system are obtained from those of the second one.
More precisely the ith inequality of the first system is obtained from the inequality of the second
system given by j =74 1 and ¢ = 0 after dividing by d.

Conversely, suppose that the first system of inequalities holds. Let

dGi+ -+ dGi1+¢( <0

be any inequality in the second system. We show that it is satisfied by an argument depending on
the sign of ¢;. If (;j <0, then

A+ -+ dG1 + e = d(G + - + (1) + ¢ <0,
because c(; < 0 and the sum in parentheses
GG+ +¢-1<0
is one of the inequalities of the first system. Otherwise, if (; > 0, then
dGi+ -+ dG1+eG=d(C+ -+ G+ ) —(d—0o)¢ <0,
because —(d — ¢)(; < 0 and the sum in parentheses

Gt +GatG=s0
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is again one of the inequalities of the first system. O

STEP 4: A partition of the set S = S(y (). We now define a convenient partition of the

set § = S(q},4(o) Of the inclusions ¢(z) into dgond of all third entries 2 of triples in M = Mg (o)
This partition is required to establish the Jacquet—Langlands correspondence. It depends on the
partition of the corresponding set &’ = S(py,p(x) fixed in Proposition

Let S& denote the subset of S that consists of t(G(z’)), where 2’ ranges over the third entries
of all triples in M’ = M {P'},p(x)- In other words, these are the inclusions ¢ of the third entries of
all the triples in M that are obtained as the Jacquet—Langlands transfer of the triples in M’.

We transfer the partition

p
s'=Js
i=0

of Proposition [3.1] to obtain the partition
e/
SG={]Js7,
i=0

where
S& ={uG() : /() e Si}

for i = 0,1,...,¢. According to Lemma the partial order is preserved under the Jacquet—
Langlands correspondence, so that the partition of S¢ satisfies the three properties (i)-(iii’) of
Proposition (3.1 B

Let S = S\ S, i.e., S contains all elements of S that are not the third entries of triples obtained
as the Jacquet—Langlands transfer of triples in M’. The following simple lemma is required in the
sequel.

Lemma 4.6. Let ((¢) be an element of S. Then,

o if () = 1(2) for some 1(z) € SE, then, for any given 1(zg) in S&, the element 1(¢) is either

incomparable to 1(zy), or 1(C) = t(zp),

o if L({) < u(2) for some 1(2) € SE, then, for any given u(zy) in SC, the element (¢) is either

incomparable to 1(zy), or 1(C) < t(zg).

Proof. We prove only the first claim, as the other is proved in the same way. Suppose the contrary,
that is, ¢(¢) = ¢(z) for some ¢(z) € S, and there exists ¢(z,) € S& such that ¢(¢) < ¢(z,). But

1 0 2
then, the transitivity of the partial order implies that ¢(z,) > ¢(z). This contradicts property (i’)
of Proposition which is transferred to the partition of S& as explained above. O

The following proposition provides a convenient partition of S with respect to the fixed partition
of S, arising from the partition of S’ as above. This is only the first coarse partition that will be
refined below.

Proposition 4.7. The finite set S admits a unique ordered partition

in possibly empty disjoint subsets g’l such that
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(i) for 0 <ip < i < ' +1, elements t(zy) in SZ-CO; and 1(¢) in S; are either incomparable, or

L(C) . L(go);

(ii) for every given element L(CO) in gz-o, and for every integer i such that ig < i < (', there

exists an element 1(z) in S& such that 1(z) > UE,)-

Moreover, this unique partition of S satisfies
(ili) for 0 < ip < i < £ +1, elements (C,) in 5}'0 and (¢) in S; are either incomparable, or

(O - 1(¢,)

in the partial order » on Etgond defined in Sect. . See Figure @

Proof. The construction of subsets S; of the partition is downward inductive. Let g§gl+1 be the
(possibly empty) set of all ¢(¢) in S such that ¢({) is either greater than, or incomparable to,

every element of S§. Suppose that 1 < i < ¢ + 1 and that the subsets gj are constructed for
i+1<j</¢+1. Then, S; is defined as the (possibly empty) set of all +(¢) in

~ £/+1 ~
S\ S
j=it1
such that ¢(() is either greater than, or incomparable to, every element of SE 1- The last (possibly

empty) subset Sp is defined as
_ _ +1 _
So=58\U 9
j=1
that is, it consists of all the remaining elements in S. We now prove that the constructed partition
satisfies properties (i)-(iii) of the proposition.

By the construction, property (i) holds for i =iy 4+ 1. Suppose that i > ig + 1 and that (i) does
not hold, that is, there exist elements ¢(z;) in SZ»CO;r and +(¢) in S; such that 1(¢) < t(zp). According
to property (iii’) of Proposition applied to the partition of S& in SZ, for any given i(z,) in
S& . there exists ¢(z) in S&; such that ¢(z) = ¢(zy). But then, the transitivity of the partial order

i0 ?
infplies that ¢(¢) < ¢(z), which is a contradiction with already proved property (i) in the case of
i =i+ 1. Thus, property (i) is proved.

We now prove (ii) in the case of i = ig. Suppose the contrary, that is, for the given element
L(¢,) in g‘io, there is no element of Si(g' greater than ¢(¢,). In other words, ¢(¢,) is greater than,

or incomparable to, every element of Sic(;' . But then, by the construction, +(¢,) would have been

0
chosen as an element of 5~'Z for some i > iy, which is a contradiction. Thus, property (ii) holds in the
case of i = ip. In the general case of ig < i < ¢/, we prove (ii) using property (iii’) of Proposition
and transitivity of the partial order.

To prove (iii), suppose the contrary, that is, for some 0 < iy < i < ¢/ + 1, there exist ¢(¢ 0) in

S;, and t(¢) in S; such that 1(€) < 1(¢,)- According to (i), which is already proved, there exists
1(z) in S, such that 1(z) = 1(¢,)- Hence, by transitivity of the partial order, +(¢) < ¢(z), which

contradicts the construction of S;. Thus, property (iii) is proved.
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Elements of sets S; are
not all incomparable.

G Sets S are Jacquet —
'SO Langlands transfers of
sets §;.
[ ]
[ ]
[ ]

(i) Vi(So) 31(2), Uz20)
such that u(2), W(zg)
are greater than (({y).

(i) u(Q) are either
greater than, or
incomparable to, 1(zy).

(iii) u(¢) are either
greater than, or
incomparable to, 1({p).

S'4+1

FIGURE 2. Partition of S as in Proposition

23
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It remains to prove uniqueness. Suppose there is another partition

~ O+l =
S=Js
1=0

of S satisfying (i)-(ii) of the proposition. Let i be the greatest integer such that S; =+ S;. According
to property (i), the elements of g@ are greater than, or incomparable to, every element of Sici 1 It

is then clear from the construction of gi, that gz - g’, For the other inclusion, suppose there is an

clement +(¢) in S; \ S;. In the second partition, the element +(¢) belongs to some S, with g < i.

According to property (ii), there exists ¢(2) in S&; such that ¢(z) = ¢(¢). This contradicts the

construction of g}, and thus gz = g’z and the two partitions coincide. O

The partition of §~0btained in Proposition is refined using the same procedure as in Propo-
sition For each S;, i = 0,1,...,¢ + 1, there is a unique finite ordered partition

i

y4
§-1)3,

7=0

satisfying properties (i’)-(iii’) of Proposition The proof of this fact is the same as the proof
of Proposition The length of the partition of S;is 4 + 1. However, it is possible that S; is
empty. In that case, we set £; = —1, so that the length of the empty partition of the empty set is
6i+1=0. N

Combining the partition of S& and the refined partition of S, we obtain the partition

A f’—}—l Zi _
S = (Usﬁ)u U U s
i=0 i=0 j=0
of §. It is of length
2+1 2+1

L+1=0+14) (Li+1)=3+20+> 1
=0 =0
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We fix the order of the subsets in this partition of S in the following way:
80,07 ’50717 s 780!07
S5
§1,07§1,17 <o agl,fla
(%) SP,

85’70785',17 e 785’,4217
S,

Se 41,0, 804115 -+ St 1,8, -

See figure |3, For later use, we introduce the convenient notation
L
S=1|]J S,
k=0

for the ordered partition (&), where L + 1 is its length. Here the subset Sy is the k-th subset of
the ordered partition (&). More precisely, for 0 <i < ¢/, let
Li=WW+1) 4+ +1)+ -+ L+ 1) +i=1+2i+ o+l + -+ 4,
and set L_; = —1. Then,
Sr, =SF,
for 0 <i </, and
Spivj = ~i+1,j—1

for =1 <4 < ¢ and 1 < j < {;11 + 1. For the convenience of the reader, we also provide the
converse formula

Sij = SLii+j+1
for0<i</ +1land0<j <Y
STEP 5: A naive choice of the function 7' = T{gy ,(s)- In order to define explicitly the global
Jacquet-Langlands correspondence, we should carefully choose the function T' = T} () in the

definition of the Franke filtration of Ay () compatibly with the fixed choice of T = T(pry ()
made in Theorem This is achieved using the partition

L
S = U Sk
k=0

of the set S = Sty 4(s) Obtained at the end of Step 4, and denoted by (&), where L + 1 is the
length of the partition.
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‘Si,l = SLi_1+2 7 o Partitions of sets §;

AN BN O et

6 4 O .| 33

N.W)l

Si,li = CS‘LL'_1+lL'+1

(SG =5Li

FIGURE 3. Partition (&) of S written also in the new notation

Theorem 4.8. Let A(gy o) be the space of automorphic forms on Gnq(A) with the cuspidal
support in the associate class represented by o, obtained as in Step 1 from the cuspidal support
{P'}, o(r") of automorphic forms on G (A) represented by «'. Then, it can be arranged that the
Franke filtration of Afqy.4(s) takes the form

40 1 L L+1 —
(7) A@heto) = Ay () 2 AlQhet) 2 2 A@reio) 2 Aoty = 101
where the consecutive quotients of the filtration are isomorphic to
k k+1 ~ : Gnd(A) <Gy,
(8) AQreto)/ Aaree) = i (mafz® (M@ vs) © S(agie))
U(2)€Sk

for k=0,1,...,L, and S are the subsets of the ordered partition (&) of S obtained at the end of
Step 4.
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Proof. The form of the Franke filtration is determined by the choice of the function T' = T} (o)
on § = S(g},4(s) satisfying condition . The filtration in the theorem is clearly obtained if T is
chosen compatibly with the partition of S as in Step 4. More precisely,

T((z) =k
for every «(z) in Sg. This choice of T satisfies (2)), because of properties (i) and (ii’) of Proposition
and properties (i) and (ii) of Proposition O

STEP 5%: A motivating example. Observe that it is possible that there exist triples (R,1I, z)
and (S,%,¢) in M = Mg} ,() such that (R,IL z) is in the image of the Jacquet-Langlands
correspondence, but (5,3, () is not, and nevertheless ¢(z) = ¢(¢). The simplest example of this

phenomenon is the followingﬂ
Let D be a quaternion algebra, so that d = 2. Let p’ be a cuspidal automorphic representation
of G4(A) such that its Jacquet—Langlands transfer is the representation

G(p') = MW (p,2)

of G4(A), and thus, p is a cuspidal automorphic representation of G2(A) and k, = 2. Let 7’ be
a representation of G|(A) of dimension more than one. It is well-known, already from [30] that
the Jacquet-Langlands transfer of 7/ is a cuspidal automorphic representation 7 of Go(A), so that
kr = 1. Consider the cuspidal support represented by the cuspidal automorphic representation

SN T/I/1/2 ® ,0/ ® 7_/V—1/2

of the Levi factor of the parabolic subgroup P’ of Gj corresponding to the ordered partition (1,2, 1).
Its Jacquet—Langlands transfer is the representation

=29 MW (p,2) @ v Y/?

of the Levi factor of the parabolic subgroup P of Gg corresponding to the ordered partition (2,4, 2).
Hence, the cuspidal support associated with the cuspidal support 7’ is represented by the cuspidal
automorphic representation

o= 20 w2 @ V2 @12

of the Levi factor of the parabolic subgroup @ of Gg corresponding to the partition (2,2,2,2). Let

(R,11,z) = (P,7T @ MW (p,2) ® T,(1/2,0,—1/2))
be the triple in M given by 7. It is the Jacquet—Langlands transfer of the triple

(P, 7 @p @7, (1/2,0,-1/2)) € M' = Mp) o,
and we have
u(z) =((1/2,0,-1/2)) = (1/2,1/2,0,0,0,0,—1/2,-1/2).

On the other hand, consider the triple

(8,2,0) = (8,08 MW (r,2) @ p, (1/2,0,~1/2)),

2Note that G in our notation stands for G L2, and not the exceptional group of type Ga.
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which is also in M. It is not in the image of the Jacquet-Langlands correspondence, because k, = 2
so that the segments associated to p must be of even length according to Lemma[4.2] and here they
are of length one. However, we have again

u(¢) =¢((1/2,0,-1/2)) = (1/2,1/2,0,0,0,0,—-1/2,-1/2),
that is, ¢(z) = ¢(C).

STEP 6: A functorial refinement of the Franke filtration. The upshot of the motivating
example given in the previous (half-)step is that we cannot use the function Ty, () as introduced
by Franke in [I4] to establish the Jacquet-Langlands correspondence for spaces of automorphic
forms. The reason is that in Franke’s definition of the filtration, as illustrated by the example, it is
possible that the triples in the image of the Jacquet—Langlands correspondence and those that are
not in the image have the same ¢(z). Thus, such triples cannot be assigned different values of the
function T{qy (), S0 that they cannot be divided into two different consecutive quotients of the
filtration, which is required in the construction of the Jacquet—Langlands correspondence for spaces
of automorphic forms. In other words, the Franke filtration as defined in [I4] and constructed in
Theorem [£.§] is not functorial.

The key new insight required for the construction of the Jacquet—Langlands correspondence is
a functorial refinement of the Franke filtration of Theorem [£.8 The refinement should allow two
different triples with the same ¢(z) to contribute to different quotients of the filtration. Although this
is not the Franke filtration as defined in [14], we now prove that the required functorial refinement
can always be achieved in our context. This is the subject of Theorem below.

In order to be able to construct the required refinement of the Franke filtration, we must dis-
tinguish between equal elements «(z) in S& depending on whether they arise only from the triples
that are in the image of the Jacquet-Langlands transfer, or not. For 0 <i < ¢ let ¢; € {0,1} be
the indicator of whether there exist triples in M = Mgy (o) such that ¢(z) is in S&, but they are
not in the image of the Jacquet—Langlands correspondence for triples. If that is the case, we set
€; = 1, and otherwise ¢; = 0.

Before stating the theorem on the refined filtration, we introduce some notation. In the ordered
partition (&) of & = Sioy4(0) in subsets Sk, k = 0,1,...,L, as in Step 4, we now insert an
additional copy of SZ-G whenever ¢; = 1. See Figure [4, Thus, we obtain a sequence of subsets §k of
S, k:z(],l,...,f, where

R 14 14
i=0 i=0

because we add an additional subset in the sequence whenever ¢, = 1. Let
Li=Li+e+ - +e1="0lo+e+ -+ liy+e1+ 6 +2i+1,
for 0 <i </, and set L ,=—lande ;=0. Then,

s _ & e
SLi B SLHrGi =5

for 0 <¢ </, and

~ ~

SLtets = Sitli=l
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NQ.IN

for -1 <i< /¢ and 1 <j < /11 + 1. Conversely,

So0,0 = S0
So.1, = Sy,
= SLO — Szo

= 5£i-1+€i_1+1

‘SlA,i_1+Ei_1+2

i—1+6i—1+li+1

= 1,

Il
)
E)
+
Ky

Sij =S¢

for0<:</ +1and 0< 5 <Y
Recall that the image in M of the Jacquet-Langlands correspondence on the set of triples
M = Mypn o) is denoted by MG in Step 1. This image is characterized in terms of segments

in Lemma

i—1te—1+j+1’

This copy of SiG always
exists and contributes
with triples in M€,

This copy of Sl-G exists
onlyife; = 1and
contributes with triples
not in M C.

FIGURE 4. Functorially refined partition of S as required in Theorem

Theorem 4.9. Let A(gy (o) be the space of automorphic forms on Gra(A) with the cuspidal support
in the associate class represented by o, obtained as in Step 1 from the cuspidal support {P'}, o(7")
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of automorphic forms on G (A) represented by w'. Then, A{0},0(0) admits a finite descending
filtration

) N n TL+1 _
(9) AQre(0) = AQ (o) 2 A1) 2 2 ALQ)elo) 2 Ay = 10h

where the consecutive quotients of the filtration are isomorphic to

~ . Gpna(A) -G,
u(2)€Sk

for0<k< L such that k #* Ei, Zz + €;, where g‘k are the subsets in the sequence introduced above,
and

L +1 ~ : nd(A) -Gy,
(11) Ay i1 LG5 ) = e (mdfir® (e v.) © SG@H)
L(2)€SE

and if ¢, =1, then

L;+1 L +2 ~ . Gn (A)
UQ)eSE

Proof. The only difference between this filtration and the filtration of Theorem is that each of
the quotients A{Q} (o) /A{Q} (o)’ fori=0,1,...,¢, is divided in two different quotients whenever
€; = 1. This is possible if the two new quotients form a direct sum that gives the original quotient.
That is true because we have a direct sum decomposition
L;+1 ~ : nd(A) -Grd
Aty o1 A8 i = gl (G (v @ (e

L(g)ESk

>~ colim (Ind nd) (T 1) @ S(aén )
(R,I1,2)eMC R(A) ( é) ( R,(C)
u(z2)eSE

D colim o (" (Be) © 5(afe).

L(Q)ES,LG

{Q} (o

More precisely, Lemma implies that there are no isomorphisms between triples in MS and
those not in M©, so that the colimit reduces to a direct sum, as claimed. O

STEP 7: The main result — an explicit extension of the global Jacquet—Langlands
correspondence. We are now in position to state the main result of the paper, that is, the global
Jacquet—Langlands correspondence from the Franke filtration on the inner form G/, (A) introduced
in Theorem to a convenient choice of a functorial refinement of the Franke filtration on G,4(A)
obtained in Theorem We use below the notation of these two theorems, but first we finally
define the Jacquet—Langlands correspondence of automorphic forms.

The Jacquet-Langlands correspondence G is defined in Step 1 on the set of triples M’ =
M pry o(x) With values in the set of triples M = Mgy (). The sets of triples carry the structure
of a groupoid, and in Step 2 the action of G on isomorphisms is defined.
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In the construction of the Franke filtration, as recalled in Sect. 3] the consecutive quotients are
described in equation in terms of induced representations. The isomorphism is obtained using
a functor M’ = Mypn ,(xry (resp. M = Mgy o)) from the groupoid M’ (resp. M) of triples to
the category C’ (resp. C) of automorphic representations of G/,(A) (resp. Gna(A)), as defined in (4,
where the notion of the automorphic representation is in the sense of Sect. |1 See also [14] or [21],
Sect. 2] for the precise definitions.

Using these functors, we define the Jacquet—Langlands correspondence for automorphic forms,
denoted again by G, as the functor defined on the subcategory of C’ obtained as the image of the
functor M’ such that the diagram

M’

M Im(M') C C’
G G
M M (M) cce

commutes, where the vertical arrow on the left-hand side is the Jacquet—Langlands correspondence
for triples, and horizontal arrows are the functors M and M’ from the construction of the Franke
filtration.

More precisely, given a triple (R, IT', 2’) in M’, the Jacquet-Langlands correspondence is defined
as

G(M'((R,1T,2))) =G (Indg%(gf)) (I © 1) ® s<ag§3@>)

Gra(A el
= Indgyi (@ v.) @ S(afy)

= M((R,11, 2))

where (R,I1,z) = G((R/,II',z’)) is the triple in M, as in Step 1. The Jacquet-Langlands corre-
spondence for triples relates the isomorphisms given by the Weyl group elements identified with
the same permutation, as explained in Step 2. The functors M’ and M send an isomorphism of
triples given by a Weyl group element to the intertwining operator acting on the induced represen-
tation associated with the same Weyl group element, cf. Sect. Hence, the Jacquet—Langlands
correspondence G for automorphic forms sends the intertwining operator associated with the Weyl
group element w’ to the intertwining operator associated with the corresponding Weyl group el-
ement w. Thus, the Jacquet—Langlands correspondence preserves intertwining operators between
induced representations. In particular, the Jacquet-Langlands correspondence G for automorphic
forms preserves the structure of diagrams over which the colimits are taken in the construction of
the Franke filtration, so that G commutes with formation of colimits. Therefore, all the colimits,
including direct sums as a special case, are preserved under the Jacquet—Langlands correspondence
for automorphic forms.

Theorem 4.10. Let A;pry (1) be the space of automorphic forms on G, (A) with cuspidal support
in the associate class o(n'). Let Ay o) = G (A{Pl}7<p(7rl)) be the space of automorphic forms on
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Gra(A) corresponding to Apry o(xy in the Jacquet-Langlands correspondence as in Step 0. Let

0
Ay pte) = Alpry gy 2 Alpe) 27 2 Alp et 2 AP g = 101
be the Franke filtration of the space Aipn o(zy as in Theorem (3.3 Then, there exists a filtration

70 N _
AQhote) = Ay (o) 2 Mgy oo 2 2 Al o) 2 A{Q} o(o) = 10},

of the space A;gy, (o), which is oblained in Theorem- 4.9 as a functorial refinement of the filtration
defined by Franke, such that the global Jacquet—Langlands correspondence of spaces of automorphic

forms satisfies
i i+1 L7,+1
G (Alpr) oo AT o)) = ALl 01/ A5 oy

for all 0 < i <!, and all the remaining quotients in the filtration of A{Q},p(0) are not in the image
of G

Proof. The theorem is now a consequence of all the preparatory work. According to the basic
properties of the Jacquet—Langlands correspondence G for automorphic forms defined above, we
calculate the image of consecutive quotients of the Franke filtration of Agpry ;) as follows

el (-Af[p/} /A?Ij} o )) =G colim (Indgﬁ(fﬁ)) (' ®vy) @ S@%ﬁc))

(R/7H/7§l)eM,
V(2)eS;]
_ : Gra(h) G,
= i (i () @ S(a)
1(2)eSE

where (R,IL z) = G((R/,I', 2')) is obviously in the image MS, i(2) is in S& by definition of S&
in Step 4. We also used the fact that G commutes with colimits. Comparmg with the descrlptlon
of the quotient
Li+1
Aoy o) ALt ot

in Theorem [4.9] we see that the first claim of the theorem holds. The remaining quotients of the
filtration of Ayg) (o) are clearly not in the image, because there are no quotients left in the Franke
filtration of Aypn () g
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