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THE RESIDUAL SPECTRUM
OF AN INNER FORM OF Sps SUPPORTED
IN THE MINIMAL PARABOLIC SUBGROUP

NEVEN GRBAC

ABSTRACT. The part of the residual spectrum of an inner form of the split
group Spg supported in the minimal parabolic subgroup is decomposed. Since
the considered inner form is not quasi—split, the normalization of the stan-
dard intertwining operators, required for the calculation of the poles of the
Eisenstein series, is out of the reach of the Langlands—Shahidi method. Hence,
a normalization technique, based on the transfer of the Plancherel measure
between the split group and its inner form, is applied. The obtained decompo-
sition reveals certain features of the residual spectrum of the inner form which
do not appear for the split group.

INTRODUCTION

In this paper we consider the residual spectrum of the hermitian quaternionic
group H/, defined as an algebraic group over an algebraic number field & in Section
[ below. It is a non—quasi-split inner form of the split group Sps. Although, in
principle, the results of this paper could be obtained using the Arthur trace formula
explained in [I], our strategy of the calculation is a more direct approach of the
Langlands spectral theory explained in [20] and [25].

The residual spectrum of various quasi—split groups was considered by several
authors. Among them are Moeglin and Walspurger [24], Meeglin [21], [22], [23],
Kim [16], [17], [18], Zampera [39], and Kon-No [19]. In those papers the approach
is also the Langlands spectral theory. For quasi—split groups the normalization of
the intertwining operators required for the application of the Langlands spectral
theory is obtained using the Langlands—Shahidi method explained in [31] and [32].

However, our situation is different. Since H) is not quasi-split, it is out of
the scope of the Langlands—Shahidi method. Therefore, we had to develop a new
technique of the normalization of the intertwining operators based on the Jacquet—
Langlands correspondence explained in [5] and the transfer of the Plancherel mea-
sure based on the global idea explained in [29]. This technique was already used
by the author of this paper in [6], [8] and [9], where we considered the residual
spectrum of a non—quasi-split inner forms of SOy, Sp4, SOs and the parts of the
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3978 NEVEN GRBAC

residual spectra of non—quasi-split inner forms of SOy, and Spy,. See also [7]
where the residual spectrum of GL,, over a division algebra is obtained.

In this paper we decompose the part of the residual spectrum of H) coming
from the residues of the Eisenstein series attached to cuspidal automorphic repre-
sentations of the minimal standard parabolic subgroup of Hj defined over k. The
results are given as Theorems B.2.1] B.2.2) 3311 332 B33 B.3.6, B3 B.3T11]
B3.13] and When compared to the residual spectrum of the split group
Sps, in addition to the interesting parity conditions (which appear for split groups
as well) in Theorems B2l B33 and B3T3], the results show certain features of
hermitian quaternionic groups such as the local conditions on the non—triviality
of the one-dimensional representation at non-split places in Theorems 3.2.2] 3.3.2],
B3T3 B:3.15] and the condition on the number of non—quasi—split places of a global
quaternion algebra used to define H) in Theorem The reason for occurrence
of such conditions lies in the different local normalization factors at split and non—
quasi—split places which give local L—functions in the global normalizing factors.
This is never the case for split groups.

The paper consists of three sections. In Section [I] we define the groups involved,
review their structure and recall the Jacquet—Langlands correspondence. In Section
the normalizing factors for the intertwining operators are obtained. Finally, in
Section Bl the considered part of the residual spectrum of HY is decomposed.

This paper is an outgrowth of the author’s Ph.D. thesis. He would like to thank
his advisor G. Mui¢ for many useful discussions and constant help during the prepa-
ration of this paper. He would also like to thank M. Tadi¢ for supporting his research
and for showing interest in his work. Conversations with H. Kim and E. Lapid were
useful in clarifying several issues in automorphic forms and those with A.I. Bad-
ulescu in the representation theory of GL,, over division algebras. Also the author
would like to thank his friend M. Hanzer for many useful conversations on the local
representation theory of hermitian quaternionic groups which she has studied in
[10] and [IT]. The figures in the paper were carefully drawn by A. Zgalji¢, and the
author is grateful for that. Finally, the author would like to thank his wife Tiki for
always being by his side.

1. PRELIMINARIES

In this section we define the groups considered in this paper, review their struc-
ture and introduce the notation. Also we recall the local and global Jacquet—
Langlands correspondence.

Throughout this paper, let k£ be an algebraic number field, k, its completion at a
place v and A its ring of adeles. Let D be a quaternion algebra central over k and 7
the involution fixing the center of D. Then, D splits at all but finitely many places v
of k, i.e. at those places where the completion D ®y, k,, is isomorphic to the additive
group M (2,k,) of 2 x 2 matrices with coefficients in k,. In this paper we assume
that D splits at all archimedean places. This is a technical assumption which could
be removed if one had a better understanding of the local representation theory
of H} and its Levi subgroups over the Hamilton quaternions. At finitely many
non—archimedean places v of k where D is non-split, the completion D ®;, k, is
isomorphic to the quaternion algebra D, central over k,. The finite non—empty
set of non—archimedean places of £ where D is non-split is denoted by Sp. The
cardinality of Sp, denoted by |Sp|, is even for every D.
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The algebraic group over k of invertible elements of D is denoted GL. At a
split place v ¢ Sp we have GL|(k,) & GLs(k,), where GLs is the split group over
k of invertible 2 x 2 matrices. At a non-split place v € Sp we have GL (k,) = D).

Let det’ denote the reduced norm of the simple algebra D ®; A and det] the
corresponding reduced norm at a place v. If v ¢ Sp is split, then det! = det, is
just the determinant for 2 x 2 matrices, while if v € Sp is non-split, then det, is
the reduced norm of the quaternion algebra D,. The absolute value of the reduced
norms det’ and det!, is denoted by v.

Let V be a 2n—dimensional right vector space over D with the basis {ey, ..., ea,}.

Then
(ei,ej) = 51',2”_]‘4_1 for 1 < 7 é] g n
defines a hermitian form on V' by
(v,") =7((v",v)) and (vz,v'z") =7(x)(v,v" )2’

for all v,v" € V and z,2’ € D. The group of isometries of the hermitian form (-, -)
regarded as a reductive algebraic group defined over k will be denoted by H . It is
an inner form of the group Spy,. Hence, H/ (k,) = Span(k,) for every split place
v € Sp. In this paper we consider the residual spectrum of the group H} which is
an inner form of the split group Sps.

Let T be the maximal split torus in Hj. It is isomorphic to GL; X GL;. Denote
by @’ the set of the roots of Hj with respect to 7”. Then

&' = {+e; + eq, £2e1, +2e5},
where e;(t1,t2) = t; for all (¢1,t2) € T”. For the set of positive roots take
Ot = {e; +eq,2¢1,262}.
The corresponding set of simple roots is
A" = {e1 — e, 2e2}.
Let W’ be the Weyl group of Hj with respect to 7. Then
W' = {1, w1, wa, wywa, Wawy , W1 W1, Wl Wa, W1 WaW1W3 },

where wy and ws are the simple reflections with respect to the simple root e; — e
and 2esy, respectively. The minimal parabolic subgroup P} = M| N/, of H} defined
over k has the Levi factor M) = GL} x GL}.

Let T &£ GL; x GL; x GL; x GL; be the maximal split torus of the split
Spsg. Fix the positive roots of Spg with respect to T' in such a way that the split
form Py = MyNy of the parabolic subgroup Pj = M} N{ is the standard parabolic
subgroup of the split Spg with the Levi factor My & GLs X GLo. Let W (M) be
the subgroup of the Weyl group of Spg with respect to T" isomorphic to the quotient
of the normalizer of My modulo My. Then W (My) = W', and we identify their
elements.

For a Levi factor M of a standard parabolic subgroup of a reductive group, let
ayrc = X (M) ®z C denote the complexification of the Z-module X (M) of k-
rational characters of M. Then aj, = ayy ¢ are two—dimensional complex vector

spaces. The isomorphisms with C? are fixed by choosing for the basis the reduced
norm on every copy of GLj in M{; and the determinant on every copy of GLy in
My. The elements of aj, ¢ = a*M(,J ¢ Wwritten in that fixed basis will be denoted
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TABLE 1.1. Action of W’

w | w(s) = w(s, s2) | w(r’) 2 w(r] @ 5) ‘
1 (s1,52) T ® T
w1 (82,81) 71'/2®’/T/1
) (s1,—52) T ® Th
w1 W (782,51) 77'/2®’/T,1
Wow1 (s2,—51) h @ T
wi1W2a2W1 (781,52) 77'/1 ®’/T’2
W W1 W2 (—82,—81) %é ®%/1
W Wa W1 Wa (—s1,—82) T ® T

s = (s1, $2), where s1, 52 € C. The positive Weyl chamber is given by inequalities
Re(s1) > Re(sa) > 0.

The action of the Weyl group element w € W' on s = (s1,52) € apy,c and
a cuspidal automorphic representation 7’/ = 7} ® 7} of the Levi factor M{(A) =
GL{(A) x GL{(A) is induced by the conjugation of the Levi factor. It is given in
Table [[LT] where ~ denotes the contragredient representation.

In this paper the parabolic induction from a standard parabolic subgroup P of a
reductive group G with the Levi factor M will be denoted by Ind% instead of Indg.
This will not cause any confusion, since all the parabolic subgroups appearing in
the paper are standard. The induction is always normalized in a sense that the
representation induced from a unitary representation is again unitary.

Finally, let us recall the Jacquet—Langlands correspondence following Section 8
of [5]. In this paper we refer to the Jacquet-Langlands correspondence as the local
and global lift of representations from the group GL] to the split group GLs.

Let ' = ®,7, be a cuspidal automorphic representation of GL] (A) which is not
one-dimensional. Then, at non-split places the local lift 7, of 7} is the square-
integrable representation of G Ly (k,) defined by the character relation as in Theorem
(8.1) of [B]. At split places we have GL|(k,) = GLa(k,), and the local lift is just
my = m,. The global lift of 7’ is defined using the local lifts as 7 = ), 7.
By Theorem (8.3) of [5] the global lift 7 is isomorphic to a cuspidal automorphic
representation of GLy(A). Hence, its local components 7, are generic.

Let x o det’ = ®, (Xv o det;) be a one—dimensional cuspidal automorphic rep-
resentation of GL|(A). Here x, are unitary characters of kX and x is a unitary
character of AX/k*. Then, in this paper, the global lift of y o det’ is defined to
be just the one-dimensional representation x o det = ®,, (X, o det,) of GLa(A). It
belongs to the residual spectrum of GLy(A). At non-split places the local lift of
Xo o det! is defined by the Jacquet-Langlands correspondence as in Theorem (8.1)
of [5] to be the unique irreducible subrepresentation of the induced representation

Indgifgzzgxah(k“) (Xo| - [*? ® xo| - |7¥/?). At non-archimedean places it is the
Steinberg representation of G Ly (k,) twisted by x.,, but we denote this representa-
tion by St at all places. Observe that by our definition in this case the global and
local lift are not consistent. The reason is that the global lift is supposed to be in
the discrete spectrum of G Ly (A), while the local lift should preserve the Plancherel

measure.
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In this paper a unitary character p of A*/k* and p, of kX are said to be
quadratic if, respectively, u? and p? are trivial. Thus, the trivial character is
among quadratic characters as well.

2. NORMALIZATION OF INTERTWINING OPERATORS

This section is devoted to the local and global normalization, using scalar mero-
morphic normalizing factors, of standard intertwining operators for HJ attached
to a cuspidal automorphic representation of the Levi factor M/ (A) of the minimal
standard parabolic subgroup of HS. The main requirement of the normalization is
that the normalized intertwining operators are holomorphic and non—vanishing in
the regions required for the calculation of the residual spectrum in Section [Bl

The normalizing factors are first defined locally, at every place v of k, in the
first three subsections. Subsections 2], 2:2], and [2.3] correspond, respectively, to the
possible cases: a generic representation at a split place, a non—generic representation
at a split place and any unitary representation at a non-split place. Subsection 2.4
combines the results of the previous subsections to obtain the global normalizing
factors as a product over all places of the local ones. All the normalizing factors
are given as ratios of L—functions and e—factors.

1. Generic representation at a split place. For the generic split case the
normalization is given by the Langlands—Shahidi method of [31] and [32] for the
standard intertwining operators attached to a generic irreducible representation of
the Levi factor of a standard proper parabolic subgroup of any quasi—split reductive
group over k,. Of course, generic always means generic with respect to the fixed
continuous non-trivial additive character 1, of k,. We omit the details in this
section since the proofs may be found in Section 1.1 of [§] and are based on [3§].

In this subsection let G be a split classical group defined over k,. For every subset
0 of the set of simple roots A of G with respect to the fixed maximal split torus,
let Py = MyNy be the corresponding standard parabolic subgroup of G, where My
is the Levi factor and Ny the unipotent radical. Let a};  be the complexification
of the Z—module of k,—rational characters of My. It is an r—dimensional complex
vector space, and its elements are denoted by s = (s1,...,s,) € C". Let W be
the Weyl group of G. Let ry be the adjoint representation of the Langlands dual
L—group of My on the Lie algebra of the L—group of Ny.

In the special case of a maximal proper parabolic subgroup we have § = A\ {«a}
for a simple root . Then aj,,  is one-dimensional (except for G = GL,, when it
is one—-dimensional modulo center). We fix a basis vector

o = <pP’av>71pPa

where pp equals half of the sum of positive roots of G not being roots of M, and we
write sac = a®s for s € C. Observe that in the maximal proper parabolic subgroup
case there is at most one non-trivial element w € W such that w(A \ {a}) C A.

For s € a}, ¢, an irreducible representation 7, of My(k,) and an element w € W
such that w(f) C A, we denote by A(s,m,,w) the standard intertwining operator
intertwining the induced representations

G (ky G(ky
I(s,m) = nd§5) | (mols()]) — I(w(s), w(m,)) = Id§eE) () w(s)0)).

where [s(+)| and |w(s)(+)| are viewed as characters of My(k,). The scalar meromor-
phic normalizing factor for A(s, m,,w), defined via the Langlands—Shahidi method
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(see [32] for more details), is denoted by (s, 7, w), and the normalized intertwining
operator N (s, m,,w) is then defined by

A(§7 7T’U7w) = T(§a 7T’U7w)N(§7 7T»U7'LU).

Following [38], the main result of Section 1.1 of [8] shows the holomorphy and non—
vanishing of the normalized intertwining operators in a certain open set slightly
bigger than the closure of the positive Weyl chamber for a generic irreducible tem-
pered representation m,. For the convenience we recall it here.

Proposition 2.1.1. Let Py = MyNy be the standard proper parabolic subgroup of
G corresponding to 0 and w an element of the Weyl group W such that w(f) C
A. Let 7, be an irreducible generic tempered representation of My(k,). Then the
normalized intertwining operator N (s, m,,w) is holomorphic and non—vanishing for
s € ayy, ¢ such that

(Re(s),a”) > —1/t, forall a € @;)9,

where £, is the length of the corresponding adjoint representation 7. in a decom-
position of the standard intertwining operator as in Section 2.1 of [31] and where
@; g 18 the set of all positive roots o such that wa is a negative Toot.

Next, we consider the case of any irreducible unitary generic representation but
only for the parabolic subgroup Py = MyNy of the split group Sps. We omit the
proof since it is the same as the proof of the analogous proposition in Section 1.1
of [§].

Proposition 2.1.2. Let Py = MyNy be the standard proper parabolic subgroup of
the split group Sps with the Levi factor Mo = G Ly x GLy. Let m, = m ,®m2, be an
irreducible generic unitary representation of My(ky). Then, for every w € W (M),
the normalized intertwining operator N (s, m,,w) is holomorphic and non—vanishing
for s = (s1,82) € iy, Such that

e Re(s1) = Re(s2) =0, i.e. the closure of the positive Weyl chamber,
e 0<s1<1/2andsy=1/2,
e 1/2<s1<1and s —sy=1.

Finally, we collect in the following corollary normalizing factors for the maximal
standard proper parabolic cases needed in the sequel. The normalizing factors in
non—maximal cases are by definition the products of the normalizing factors of the
maximal cases appearing in a decomposition of the standard intertwining operator
according to the reduced decomposition of the Weyl group element as in Section
2.1 of [31].

Corollary 2.1.3. For the case GLy X GLy C GLy, the normalizing factor for the
standard intertwining operator A((s1,52), T @ Mo, W1), where T, @ Ta, s an
irreducible generic representation of GLa(ky) X GLa(ky) and wy the unique non-
trivial Weyl group element, equals
(2.1)

L(s1 — $2,T1,0 X Ta)
L(1+4 81 — S2, 1,5 X Tow)e(81 — 82, T1,0 X W20, Py)’

r((s1, 52)771'1,1; Q T2 4, wy) =

where the L—function and e—factor are the Rankin—Selberg ones of pairs.
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For the case GLy C Spy, the normalizing factor for the intertwining operator
A(s, 7y, we), where m, is an irreducible generic representation of GLa(k,) and we
the unique non-trivial Weyl group element, equals

L(s,my) L(2s,wy,)
L(1+ 5,my)e(8, Ty, ) L(1 4 28, wr, )e(28, wi, , ¥y)’
where the L—functions and e—factors are the principal Jacquet ones and the Hecke
ones of the central character wy, of m,.

(2.2) r(s, Ty, we) =

2.2. Non—generic representation at a split place. A non—generic irreducible
representation m, = 7, ® ma,, of Mo(k,) = GLa(ky) x GLa(k,) is the local com-
ponent at a split place of a cuspidal automorphic representation 7’ = 7} ® 75 of
M{(A) if at least one of the representations 7] and 75 is one—dimensional. Then,
the definition of the normalizing factor and the proof of the holomorphy and non—
vanishing of the normalized intertwining operators in the closure of the positive
Weyl chamber follow the proof of Lemma 1.8 of [24]. It was already used in Section
1.2 of [§] for an inner form of SOg, and hence we omit the details.

For the moment let G be any classical split group defined over k,. Let Py =
My Ny be the standard proper parabolic subgroup of G defined over k, correspond-
ing to a subset 6 of the set of simple roots A with respect to the fixed maximal
split torus. Let m, be an irreducible unitary non—generic representation of My(k,,).
Assume that there exists a standard parabolic subgroup of My with the Levi factor
L, an irreducible tempered generic representation 7, of L(k,) and s’ € aj ¢ such
that m, is isomorphic to the unique irreducible subrepresentation of

Mg (ky
11%(s',7,) = Indy 5 (] ())

Then, for every Weyl group element w such that w(f) C A, the following diagram
is commutative:

I(s,my) — I(s+5',7)
Als, m?w)l lA(§+§’,mw)
I(w(s), w(m,)) — I(w(s+5"),w(r,)),

where s is embedded into a, . In other words, A(s, Ty, w) is the restriction of
A(s+ 8,7y, w) to I(s,m,). Hence, the normalizing factor for A(s,m,,w) is defined
to be

(23) ’I"(§7 Trvaw) = T(§+§/)Tvvw))

and the normalized operator N (s, m,,w) is actually the restriction of N(s+s’, 7, w)
to I(s,m,). The proof of the holomorphy and non—vanishing will follow from the
following lemma, which we recall without a proof since it is in fact a part of the
proof of Lemma 1.8 in [24].

Lemma 2.2.1. Assume that in the notation as above there exists a Weyl group
element w' such that the image of the normalized intertwining operator

N Hs+5),w ™ (m)w): I (s+5),w ™ (r) = I(s+57)

is 1(s,my). Then, for all s € a}, ¢ such that w' =t (s + 8') satisfies the inequalities
of Proposition 2T for ww', the normalized intertwining operator N (s, Ty, w) is
holomorphic and non—vanishing at s.
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Now, we apply the lemma to the possible cases for My C Spg and omit the details
since the proofs follow closely the proofs of the analogous propositions in Section
1.2 of [§]. The basic idea is always to find an appropriate w’ which satisfies both
conditions of the lemma. In some cases such w’ does not exist, and we excluded
those cases in the propositions below. Further investigation of those cases is made
in Section [3] where they are treated as possible poles of the Eisenstein series when
decomposing the residual spectrum. In all the propositions Py = MyNy is the
standard proper parabolic subgroup of the split group Sps with the Levi factor
Mo = GLQ X GLQ

Proposition 2.2.2. Let m, = (x1,, © det,) ® ma, be an irreducible non—generic
unitary representation of My(k,), where x1,, is a unitary character of k)Y and o,
is a unitary generic representation of GLo(ky). Then, for every w € W (My), the
normalized intertwining operator N (s, m,,w) is holomorphic and non—vanishing for
s=(s1,82) € ahy, ¢ Such that

e Re(s1) = Re(s2) =0, i.e. the closure of the positive Weyl chamber,
e 0<s1<1/2and sy =1/2.

Proof. Along the same lines as the proof of the last proposition in Section 1.2 of
[8]. O

Proposition 2.2.3. Let m, = 11, ® (X2, 0 det,) be an irreducible non—generic
unitary representation of Mo(ky), where xa,., is a unitary character of k)Y and 1,
a unitary generic representation of GLa(ky). Then, for every w € W(My), the
normalized intertwining operator N (s, m,,w) is holomorphic and non—vanishing for
s = (s1,82) € ay, ¢ such that

e Re(s1) = Re(se) =0, i.e. the closure of the positive Weyl chamber,
e 0<s1<1/2andsy=1/2,
e 0 < s1 < 3/2 and so = 3/2, except at (s1,s2) = (r,3/2) for some 0 <
r < 1/2; at the exceptional point, if M, is not a complementary series
representation of the form w1, = py| - |7 @ po| - |77, where p, is a unitary
character of k5, then it is always holomorphic and non-vanishing.
Proof. For the last claim when verifying the surjectivity of the appropriate w’
of Lemma 2.2.7], one uses the irreducibility of certain induced representations for
GL3(k,) and GL4(k,). These are given in [37] and [33]. O

Proposition 2.2.4. Let m, = (X1, © dety) @ (X2, © dety) be a one—dimensional
non-generic unitary representation of Moy(ky), where x1, and X2, are unitary
characters of k). Then, for every w € W(My), the normalized intertwining oper-
ator N(s,my,w) is holomorphic and non—vanishing for s = (s1,82) € Uy Such
that

e Re(sy) = Re(sz) = 0 except Re(s1) = Re(se) = 0, i.e. the closure of the
positive Weyl chamber except at the origin,

e 0<s1<1/2and sy =1/2,

e 0 < s1 <3/2 and sy = 3/2, except at (s1,s2) = (1/2,3/2); at the excep-
tional point if X1, # X2,v, then it is always holomorphic and non—vanishing,
while if X1,0 = X2,0, then it is holomorphic and non—vanishing at least for
w € {1, wy, wywe, wowiws },
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el < 51 < 2 and sy — sy = 2, except at (s1,82) = (3/2,—1/2); at the
exceptional point if X2, s not quadratic, then it is always holomorphic
and non—vanishing, while if x2, 15 quadratic, then it is holomorphic and
non—vanishing at least for w € {1, w, wowy, wiwowy }.

Proof. For the third claim see the comment on the proof of the previous proposition
and also [24]. For the last claim one uses the irreducibility of certain induced
representations for Sp4(k,) given in [30], [27] and [28§]. O

At the end of this subsection we collect the normalizing factors for the maximal
standard proper parabolic subgroup cases needed in the sequel.

Corollary 2.2.5. For the case GLy X GLy C GLy, the normalizing factor for the
standard intertwining operator A((s1,s2), (X1,0 0 dety) ® o, w1), where X1, @5 @
unitary character of k), ma, is an irreducible unitary generic representation of
GLa(k,) and wy the unique nontrivial Weyl group element, equals
(2.4)
r((s1,82), (x1,0 0 dety) ® 72,4, w1)
_ L(Sl — 82 — 1/2, XLU%Q’»U)
L(s1 — s2+3/2,x1,0T2,0)e(51 — 52+ 1/2, X1,0T2,0, Yu)e(s1 — 82 — 1/2, X1,0T2,0, ¥v)’

where the L—function and e—factor are the principal Jacquet ones. In the case of
1, trreducible unitary generic and mo, = X2, ® det,, where x2., 15 a unitary
character of k), the normalizing factor is of the same form with the principal
Jacquet L—functions and e—factors for Wl,vxii instead of X1,472,v-

For the case GLy x GLy C GLy, the normalizing factor for the standard inter-
twining operator A((s1,s2), (X1, © det,) ® (x2,0 © det, ), w1), where x1,., and X2,
are unitary characters of k,* and wy is the unique non-trivial Weyl group element,

equals
(2.5) r((51,52), (X1.0 © dety) @ (X0 0 dety ), w1) = (51— 52, X1,0X20)
where for s € C and a unitary character x, of k.5,
(2.6)
(5 %0) = L(s, xo)L(s =1, xv)

L(S Jr 2’ X’U)L(S + ]" X'U)E(s + ]" X'U’ ,ZZ)'U)E(S’ X’U, w’U)25(s - ]" X'U’ ,ZZ)'U) ’
and the L—function and e—factor are the Hecke ones.

For the case GLy C Spy, the normalizing factor for the intertwining operator
A(S, xv © dety, wa), where x, s a unitary character of kX and wy the unique non-
trivial Weyl group element, equals

_ L(S — 1/2a Xv)
. s X 0 ety W) = 5 172 X0, )20 — 172, X0 )
@7 L(2s,x2)

L(1+ 2s,x3)e(28, X3, )
where the L-functions and e-factors are the Hecke ones of x, and of the central
character x2 of X, o det,,.

2.3. Non—split place. In this subsection let v € Sp be a place of k where D does

!~

not split. By our assumption v is non-archimedean. Let m, = 7 , ® 75, be a

unitary irreducible representation of the Levi factor M{(k,) = GL,(k,) x GL} (k)
of the minimal parabolic subgroup of H}. Observe that n/, is supercuspidal since
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M has no proper parabolic subgroups defined over k,. Let m, = m , ® ma,, be the
local lift of 7] from M} (k,) to Mo(k,) as defined in Section 1 using the Jacquet—
Langlands correspondence. It is a square—integrable representation of My(k,).

For s € a*M67C and w € W', the standard intertwining operator A(s,7,,w) is
defined as in the split case. For the precise definition see Section 2 of [29] or
Section 1.3 of [§]. It is important to choose the Haar measures on the unipotent
radicals for the split group and its inner form compatibly as explained in Section
2 of [29]. See also [26]. In this case a decomposition of the standard intertwining
operators according to a reduced decomposition of the Weyl group element as in
Section 2.1 of [31] still holds.

The normalizing factor for the standard intertwining operator A(s,w,,w) is de-
fined to be

(2.8) 7 (8, My, w) = 7(8, Ty, ),

where the normalizing factor on the right is the generic split case normalizing factor
attached to the local lift m, which is square—integrable. Then, the normalized
intertwining operator is defined by

(2.9) A(s,ml,w) = r(s, 7, w)N(s, 7, w),

as usual. Here we just give a sketch of the proof of the holomorphy and non-
vanishing of N(s, 7], w) in the required regions since it follows closely the same
proof for an inner form of SOg as in Section 1.3 of [§]. It is based on the comparison
of the Plancherel formula of [29].

Proposition 2.3.1. Let m, = 7, ® T, be an irreducible unitary representation
of the Levi factor M{(ky,). Then, for every w € W', the normalized intertwining
operator N(s,m,,w) is holomorphic and non—vanishing for s = (s1,s2) € G c
such that

Re(s1) = Re(s2) =2 0, i.e. the closure of the positive Weyl chamber,
0<s1<1/2 and so =1/2,

if m , is one-dimensional, then 0 < 51 < 3/2 and s3 = 3/2,

1/2<s1 <1 and sy —sy=1,

1< s1<2and sy —s2 =2 except at (s1,s2) = (3/2,—1/2); at the excep-
tional point if the central character Wry of Wé)v is mon—trivial, then it is
always holomorphic and non—vanishing, while if Wry 18 trivial, then it is
holomorphic and non-vanishing at least for w € {1, w1, wawy, wiwaws }.

Proof. The proof goes along the same lines as in the proof of the analogous propo-
sition in Section 1.3 of [§]. The third claim would not be true if one removed the
condition of one-dimensionality. The reason lies in the reducibility points for the
induced representations of GL,(k,) which are a special case of the results in [34].
For the last claim one needs the irreducibility of certain induced representations for
Hj(k,) obtained in [29]. O

In the following corollaries we collect the normalizing factors for the maximal
standard proper parabolic subgroup cases needed in the sequel. The first is a direct
consequence of equation (2.5)).

Corollary 2.3.2. For the case GL} x GL} C GL}, the normalizing factor for
the standard intertwining operator A((s1,s2),m , ® T, w1), where ) , @ 7, is
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an irreducible unitary representation of GLY(k,) x GL|(k,) and wy the unique
nontrivial Weyl group element, equals

(2.10)

L(Sl — 82,10 X :7\1:2’1))

L(l + 81 — S2, M1, X 7~T2,v)€(81 — 82,M1p X 7?2,1;,1%)’

T((Slv 82)77r11,v ® Wé,wwl) =

where the L—function and e—factor are the Rankin—Selberg ones of pairs for the local
lifts w1, and ma,.

For the case GL}y C Hj, the normalizing factor for the intertwining operator
A(s,ml,we), where w is an irreducible unitary representation of GL}(k,) and ws
the unique nontrivial Weyl group element, equals

L(s,my) L(2s,wy,)
L(1 + s,my)e(8, T, ) L(1 + 25, wr, )e(28,wr,, ¥y)’

(2.11) r(s,m,wy) =

where the L—functions and e—factors are the principal Jacquet ones of the local lift
7, and the Hecke ones of the central character wr, of m,. Observe that wy; = wx,.

The next corollary gives the normalizing factors in a more precise form if at
least one of the representations 7} , and 7, is one-dimensional. The form of the
normalizing factors is made suitable for obtaining the global normalizing factors in
Subsection 241

Recall from Section [I] that the local lift of the one-dimensional representation
X o detl, of GL;(k,), where Y, is a unitary character of k), is the Steinberg
representation St,, of GLa(k,). Then, the corollary is obtained from the previous
corollary using the expressions for the Rankin—Selberg and principal Jacquet L—
functions and e—factors involving the Steinberg representations and the fact that
the central character of St,, is x2. These expressions are given in Theorem (3.1),
Sections 8 and 9 of [15] and Section (3.1) of [13].

Corollary 2.3.3. For the case GL| x GL| C GL}, the normalizing factor for the
standard intertwining operator A((s1,s2), (x1,0 © det,) @ ) ,,,w1), where X1, is a
unitary character of kS, ma, is the local component at v of a non—one-dimensional
cuspidal automorphic representation of GL}(A) and wy is the unique nontrivial
Weyl group element, equals
(2.12)
7((s1,52), (x1,0 0 dety,) @ 75, w)

. L(81 — S — 1/2,)(1,1,%2,1,)

© L(s1— 82+ 3/2,x1,0m2,0)e(s1 — 82 + 1/2, X1,072,0, Yv)e(s1 — 52 — 1/2, X1,0T2,0, Yu)’

where the L-function and e-factor are the principal Jacquet ones for x1,,72., and
Ta 8 the local lift of 7, . In the case of 7, being the local component at v of a
non-one-dimensional cuspidal automorphic representation of GLy(A) and 7, =
X2 @ detl, where X2, is a unitary character of k)X, the normalizing factor can be
written in the same form with the principal Jacquet L—functions and e—factors for
71'171,)(2_)11) instead of X1,,72,v-

For the case GL} x GL} C GL}, the normalizing factor for the standard inter-
twining operator A((s1,s2), (X1, o det)) @ (x2., o det,),wy), where X1,0 and X2
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are unitary characters of k) and wy is the unique nontrivial Weyl group element,
equals
(2.13)

r((s1,2), (x1,0 0 dety,) ® (xa,0 © det},), w1)

L(s1 — $2,X1,0X2.0) L(51 — 52 + 1, X1,0X2.0)
L(—(s1 = 52), X7 .oX2.0) L(1 = (51— 52), XT.oX200)
where 1,(8, Xv), for s € C and a unitary character x,, is defined by equation (2.0
in Corollary 2.2.5 and where the L—functions and e—factors are the Hecke ones.

For the case GL] C Hj, the normalizing factor for the intertwining operator

A(s,xp o det]  ws), where x, is a unitary character of kX and wy the unique non-
trivial Weyl group element, equals

= ’I"U(Sl — S2, Xl,vX2_,11;)

, _ L(S - 1/2, Xv)
. (s, xu 0 dety, wa) = L(s+3/2,x0)e(s + 1/2, X0, Vo)e(s — 1/2, xu, ¥y)
(2.14) L(s+1/2,x) L(2s,x3)

L(1/2 = s, x5 ") L1+ 25,x3)e(25, X2, ¢0)
where the L—functions and e—factors are the Hecke ones.

2.4. Global normalization. In this subsection we combine the local results of the
previous subsections to obtain the global normalizing factors. Let n’ 2 7] @ 7 be a
cuspidal automorphic representation of the Levi factor M| (A) =2 GL{(A) x GL}(A)
in H{(A). In the rest of the paper we distinguish three cases depending on the type
of '

A. Both 7 and 74 are not one-dimensional.

B. One among 7} and 7} is one-dimensional and the other is not.

C. Both 7] and 7}, are one—dimensional.
The global lifts defined in Section [l of 7/, 7} and 7} are denoted m, m and ma.
Recall that if 7 is not one-dimensional, then 7; is cuspidal.

Let " = ®,m,, where m, = 7 , ® m5 ,, be the decomposition of a cuspidal
automorphic representation into the restricted tensor product as in [4]. For s €
a}*\/[(,),(c and w € W', the global standard intertwining operator denoted by A(s, 7', w)
is defined by the global integral of the same form as the local integrals defining the
local standard intertwining operators. For more details see Section II.1.6 of [25]. It
is a tensor product of the local intertwining operators over all places. At unramified
places the local standard intertwining operator sends the unique suitably normalized
vector invariant for the fixed maximal compact subgroup into the invariant vector
normalized in the same way multiplied by the local normalizing factor r(s, 7}, w).

The global normalizing factor for A(s, 7, w) is defined as

(2.15) (s, 7", w) Hrsw w)

It is meromorphic in s € a} My.C Then, the global normalized intertwining operator
is given by

A(s, ' w) = r(s, 7, w)N(s, ", w).
It is a tensor product of the local normalized intertwining operators over all places.
At unramified places it just sends the suitably normalized invariant vector for the
fixed maximal compact subgroup into the invariant one normalized in the same way.
The following theorem deals with the holomorphy and non—vanishing of the global
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normalized intertwining operators. The standard proof, which is omitted, reduces
the question to the local results of the previous subsection. The excluded points
of the theorem are just the possible poles of the normalized intertwining operators,
and in the calculation we regard these points as possible poles of the Eisenstein
series.

Theorem 2.4.1. Let #’ = 7] ® 7 be a cuspidal automorphic representation of
the Levi factor M{(A) in Hj(A). Then, for every w € W', the global normalized
operator N(s,7',w) is holomorphic and non—vanishing for s = (s1,$2) € aj‘w&c
such that

e Re(s1) > Re(sz) = 0 except at Re(s1) = Re(s2) =0 in the case C, i.e. in
the closure of the positive Weyl chamber except at the origin in the case C,

e 0<s1<1/2 and sy =1/2 in all the cases,

e in the case B with ml, one-dimensional, 0 < s1 < 3/2 and s2 = 3/2,
except at (s1,s2) = (r,3/2) for certain 0 < r < 1/2 depending on ©'; the
exceptional point does not appear if the global lift m of w| satisfies the
Ramanujan conjecture,

e in the case C, 0 < s1 < 3/2 and sz = 3/2, except at (s1,$2) = (1/2,3/2);
at the exceptional point it is always holomorphic and non-vanishing if w €
{1, wo, wiws, wow wa },

e in the case A, 1/2 < s1 <1 and s1 —s2 =1,

o in the case C, 1 < s1 <2 and s1 — s2 = 2, except at (s1,82) = (3/2,—1/2);
at the exceptional point it is always holomorphic and non—-vanishing if w €
{1, w1, Wa2wW1, wlwgwl}.

Finally, for Cases A, B and C, we collect the global normalizing factors for the
maximal standard proper parabolic subgroups needed in the sequel. For GL} x
GL| C GL; in Case A the local normalizing factors are given by equation (1)
of Corollary 213 and (2I0) of Corollary For GL} C Hj in Case A the
local normalizing factors are given by equation [22) of Corollary 213 and (211])
of Corollary

Corollary 2.4.2 (Case A). For GL| x GL| C GLY, the global normalizing factor
for the standard intertwining operator A((s1,s2), ™ ® mh,w1), where T @ 7h is a
case A cuspidal automorphic representation of GLi(A) x GL (A), equals

I(sn — _
(2.16)  7((s1,52), 7 @ Th,w) = (81— 82,m1 X Ta)

L(l + 81 — S2,m1 X %2)5(81 — S9,mM1 X 7~T2)’

where the L—function and €—factor are the global Rankin—Selberg ones of pairs for
the global lifts m1 and mo.

For GL} C Hf, the global normalizing factor for the standard intertwining op-
erator A(s,n’,ws), where ' is a cuspidal automorphic representation of GL}(A)
which is not one—dimensional, equals

L(s, ) L(2s,wy)

2.1 ! =
(2.17) rls,wws) L1+ s,m)e(s,m) L(1 + 2s,wy)e(25, wy)’

where the L—function and e—factor are the global principal Jacquet ones for the
global lift m and the global Hecke ones for the central character w, of the global lift
. Observe that w; = wy.
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For GL] x GL} C GL} in Case B the local normalizing factors are given by
equation (24) of Corollary and (2I2)) of Corollary For GL} C H} in
Case B the global normalizing factor is already obtained in the corollaries for either
Case A or Case C.

Corollary 2.4.3 (Case B). For GL| x GL| C GL}, the global normalizing factor
for the standard intertwining operator A((si,s2),(x1 o det’) @ mh,wy), where x1
is a unitary character of A*/k* and 7} a cuspidal automorphic representation of
GL{(A) which is not one—dimensional, equals
(2.18)

7’((81, 52)7 (Xl © det/) ® 7757 wl)

_ L(s1 —s2 —1/2,x172)
L(s1 — s2 +3/2,x1T2)e(s1 — 52 + 1/2, x1T2)e(s1 — s2 — 1/2,xa72)’

where the L—function and e—factor are the global principal Jacquet ones for x1mo
and o is the global lift of . For the intertwining operator A((s1,s2), 7] ® (X2 0
det),w), where now 7 is not one-dimensional and x» is a unitary character of
A* /K> the normalizing factor is of the same form with the global principal Jacquet
L-function and e—factor for 7T1X2_1 instead of x172.

For GL} x GL} C GLY in Case C the local normalizing factors are given by
equation (23] of Corollary and (ZI3)) of Corollary For GL} C H{ in
Case C the local normalizing factors are given by equation (2.7) of Corollary
and (ZI4) of Corollary 2233

Corollary 2.4.4 (Case C). For GL| x GL| C GL}, the global normalizing factor
for the standard intertwining operator A((s1, s2), (x10det’) ® (x2odet’), wy), where
X1 and x2 are unitary characters of A* /k™, equals
(2.19)

r((s1,82), (x1 0 det’) @ (x2 o det’), wr)

1 L(s1 — s2,X1,0X.0) L(s1 = 82 + 1, X1,0X2.0)
:7'(51 — 52, X1 X2 ) H 1 1 )
ves,, L(=(s1 = 52), X1 pX2,0) L(1 = (51— 52), X1 0 X2.0)

where, for s € C and a unitary character x of A* /k*, r(s,x) is a product over all
places of T,(s, xv) defined in equation 28] of Corollary 220 i.e.

L(S’X>L(5 B 17X)
s+ 2,x)L(s+1,x)e(s + 1,x)e(s, x)2e(s — 1, %)’

(2.20) r(s,x) = I

and the L—functions and e—factors are the global and local Hecke ones.
For GL| C Hj, the global normalizing factor for the intertwining operator
A(s,x odet’,wy), where x is a unitary character of A* /k*, equals

, B L(s—1/2,x)
rls,x e det, we) = T 5 T 172 )5 — 123
(2.21) 1 L(s+1/2,x0) L(2s,X?)

—1 2 2\’
vesy, L/2=s,x07) L1+ 2s,x%)e(2s, x?)

where the L—functions and e—factors are the global and local Hecke ones.
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3. CALCULATION OF THE RESIDUAL SPECTRUM

Let L2, denote the residual spectrum of H)(A). By definition it is the orthogonal
complement of the cuspidal spectrum inside the discrete spectrum of HS(A). By
the Langlands spectral theory, explained in [20] and [25], the constituents of L2,
are obtained by taking the iterated residues at the poles of the Eisenstein series
attached to cuspidal automorphic representations of the Levi factors of standard
proper parabolic subgroups of Hj. In this paper we decompose the part Lfesv M,
of the residual spectrum coming from the poles of the Eisenstein series attached to
cuspidal automorphic representations of the Levi factor M(j(A) =2 GL}(A)xGL}(A)
of the minimal parabolic subgroup PJ(A) of H5(A). Now, very briefly, we explain
the application of the Langlands spectral theory in our case. For more details see
Section V of [25] or, for the low rank examples, [I6] and [].

3.1. Brief overview of the method. Let 7’ be a cuspidal automorphic repre-
sentation of M{(A). Let s € ayyc and fs € I(s,7"), where the dependency of
automorphic forms fs; on s is analytic on a?\/[&c and Paley-Wiener with values in
the space of the induced representation. Then, the Eisenstein series is defined as
the analytic continuation from the domain of the convergence of the series

(3.1) E(s,gifom)= > fdv9)

yePy(k)\Hz (k)

for g € H)(A). Tt is meromorphic as a function of s. By the Langlands spectral
theory, the contribution of 7’ to the whole space of square—integrable automorphic
forms of HS(A) is generated by the integrals

: /
— E(s,g; fs,7")ds,
(27i)? Re(s)=s N

where s, is deep enough in the positive Weyl chamber so that the integral defining
the global intertwining operators and the sum defining the Eisenstein series converge
absolutely at s,.

During the calculation of the poles of the Eisenstein series we always assume that
they are real. There is no loss of generality because that can be achieved just by
twisting a cuspidal automorphic representation of a Levi factor by the appropriate
imaginary power of the absolute value of the reduced norm of the determinant.
Hence, this assumption is just a convenient choice of coordinates, and in the sequel
we always assume that s;,ss € R. In the figures in the following subsections only
the real part of a"j\%’@ is presented.

(3.2) g

When deforming the line of integration in ([B:2)) from s, to the origin inside the
positive Weyl chamber as in the figures below, we cross the singular hyperplanes
which are the poles of the Eisenstein series. The integral at the origin gives a
part of the continuous spectrum, while the residues at the singular hyperplanes are
the possible contributions to the residual spectrum. Next, we take the coordinate
system on the singular hyperplane such that the origin is the orthogonal projection
of the origin in a}kwg),(c and continue with the same procedure. In such a way after
taking the iterated residues at the poles of the Eisenstein series we are left with the
contribution of 7’ to L%GS,M(’)'

The analytic properties of the Eisenstein series coincide with the analytic prop-
erties of their constant terms along Pj. Therefore, instead of the poles and square
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integrability of the Eisenstein series we can study the poles and square integrability
of their constant terms. The benefit lies in the fact that, by Proposition I1.1.7. of
[25], the constant term equals

(3.3) > As, 7 w) fa(9),

weW’

and for the standard intertwining operators A(s, 7/, w) we have defined in Section
the scalar meromorphic normalizing factors r(s, 7', w). By Theorem [ZZT] the
normalized intertwining operators N (s, 7', w) are holomorphic and non-vanishing
in the regions required in the calculations below. Thus, the calculation of the poles
of (B3)) reduces to the poles of the global normalizing factors. The points excluded
in Theorem [2.4.1] are also treated as possible poles during calculation.

The first step in the decomposition of sz M, is according to the type of 7/, i.e.
Cases A, B or C. Thus,
(3.4) L?

res, M|

~[2oliell,

where L2, L% and L% are the parts of LEES)M, obtained as the iterated residues at
the poles of the Eisenstein series attached to Cases A, B and C cuspidal automorphic
representations of M{(A), respectively. In the following Subsections and 3.3 we
decompose L% and L%. The decomposition of L% is omitted because it can be
rewritten line by line from the Case A decomposition in Section 2.2 of [§]. The only
difference is the additional non—vanishing condition at s = 1/2 for the principal
L—functions L(s,m;) attached to the global Jacquet-Langlands lifts of w[. This
condition comes from the principal L—function in the Case A global normalizing
factor for the H} intertwining operator attached to ws given in Corollary
For the inner form G% of SOs the principal L-function does not appear in the
corresponding normalizing factor.

Before proceeding to the calculation we recall the Langlands square integrability
criterion given in Section 1.4.11 of [25] and on page 104 of [20], and the analytic
properties of L-functions given for the Hecke L—functions in [36], for the principal
Jacquet L—functions for GLy in [I4] and for the Rankin—Selberg L—functions of
pairs for GLa x GLs in [I2]. Observe that the global Hecke L—function L(s, 1) for
the trivial character 1 of A*/k* is nothing other than the Dedekind (—function
of the algebraic number field k. Recall that in this paper a unitary character pu of
AX/k* is said to be quadratic if p? is trivial.

Lemma 3.1.1. The space obtained as the iterated residue at the pole s = (s1,$2) €
ct’}ﬁw(,)’(C of the Fisenstein series attached to a cuspidal automorphic representation
7' of M{(A) consists of square—integrable automorphic forms if and only if w(s) =
(s}, s5) satisfies s1 < 0 and s} +s5 <0, for every w € W', such that the correspond-
ing intertwining operator in the constant term [B3) gives a non-trivial contribution.

Lemma 3.1.2. The global Rankin—Selberg L—function of pairs L(s,01 X o9) for
cuspidal automorphic representations o1 and o2 of GL2(A) has simple poles at
s =0and s = 1 if oy & 79, and it is entire otherwise. It has no zeroes for
Re(s) > 1.

The global principal Jacquet L-function L(s,c) for a cuspidal automorphic rep-
resentation o of GLy(A) is entire. It has no zeroes for Re(s) > 1.
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The global Hecke L-function L(s,u) for a unitary character p of A*/k* has
simple poles at s =0 and s = 1 if p is trivial, and it is entire otherwise. It has no
zeroes for Re(s) > 1.

The local Hecke L—function L(s, i) for a unitary character u, of a non—archi-
medean field k) has the only real simple pole at s = 0 if p, is trivial, and it is
entire otherwise. It has no zeroes.

The proof of the following elementary lemma repeatedly used in the calculations
is omitted.

Lemma 3.1.3. Let L(s) be a meromorphic function on C having only simple poles,
L(0) # 0, and satisfying the functional equation L(s) = e(s)L(1 — s), where £(s) is
an entire non—vanishing function such that £(0)e(1) = 1. Then

L(s) [ -1, ifs=0 is a simple pole of L(s),
L1+ s)e(s) |y 1, otherwise.

The following simple lemma is very helpful in describing the images of the nor-
malized intertwining operators obtained below as the residues of the constant terms
of the Eisenstein series. The same lemma was used several times in our previous
paper [8]. Hence, here we skip the details. When applying the lemma, w’ and w”
are carefully chosen in such a way that, besides [Il) and (@), w”ww’ is the longest
Weyl group element and w'~!(s + s') is at least in the closure of the positive Weyl
chamber. This enables a description of the image using the Langlands classification.

Lemma 3.1.4. Let m, be an irreducible unitary representation of the Levi factor
My (ky) of the standard parabolic subgroup of Sps, s € ahy,.c and w € W (My). As-
sume that there is a Levi subgroup L C My, s’ € aj ¢ and a tempered representation
Tv of L(k,) such that m, is the unique irreducible subrepresentation of the induced
representation 1M (s',7,). Suppose that w' and w" are the elements of the Weyl
group W of Sps such that the

(1) image of the normalized intertwining operator N (w'~1(s+s'),w' = 1(1,),w’)
is 1(s,my),

(2) restriction of the normalized intertwining operator N(w(s + s'),w(7,), w")
to the induced representation I(w(s),w(m,)) is injective,

where we identified s with an element of aj c. Then the image of the
normalized intertwining operator N(s,m,,w) is isomorphic to the image of
Nw' (s +s),w' = (r,), w"ww').

Proof. The lemma is a simple consequence of the decomposition property of nor-
malized intertwining operators. (I

3.2. Case B. In this case a cuspidal automorphic representation 7’ & 7} ® 7} of
M{(A) is such that one of the representations 7] and 7% is one-dimensional and the
other is not. The global normalizing factors for the maximal standard proper para-
bolic subgroup with the Levi factor GL] x GL} C GL} are given in Corollary 2.4.3]
and the Levi factor GL} C H{ in Corollary 242 for non-one—dimensional represen-
tations and Corollary [Z4.4] for one-dimensional representations. By the analytic
properties of the L—functions of Lemma [B.1.2] the possible singular hyperplanes of
the normalizing factors for the intertwining operators in the sum ([B3]) are shown
in Figure Bl if 7] is one-dimensional and in Figure if 7, is one—dimensional.
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25121 251:3

FIGURE 3.1. Case B singular hyperplanes for 7] one-dimensional

There are four possible iterated poles at points
B1(3/2,1/2), B»(1/2,1/2)
if 7} is one—dimensional and
Bs(1/2,3/2), Ba4(1/2,1/2)

if 7}, is one-dimensional. Note that we do not consider the possible iterated pole
at By(r,3/2) when 7 is one-dimensional. By Theorem [Z4.T] if the Ramanujan
conjecture holds for cuspidal automorphic representations of GLy(A), then Bj is
not a pole. Although in principle one could describe the hypothetical contribution
at Bs in the same way as for the poles at Cy or Cg in Section [3.3] we skip that here
since it would not bring any new insight. Having that in mind, L% decomposes into

Ly 2Ly @Lp, ® Ly, L3,

The cases of By and Bj, as well as By and By, are in fact the same. For a pair
of points the results and the proofs can be obtained from each other just by inter-
changing the roles of ] and 7}, s; and sq, etc. Therefore, we state and prove only
the decomposition of L and L, .

Before giving the decomposition of LQBI, consider the induced representation
GLj (k)
GLY (ko) x GL, ()

~ GLY (ks _
= Indg 7 () iy oy (Lo © detl )2 @ 7wy p=1/2),

Ind (1, odety,)v*? @ 4 ,v'/?)

where 1, is the trivial character of k¢ and 7r§7v is a unitary, generic at split places,
irreducible representation with the trivial central character. It is irreducible as a
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$1 > 8 >0

252:1

FIGURE 3.2. Case B singular hyperplanes for 7} one-dimensional

consequence of [3], [2], and [24]. Hence, the normalized intertwining operator
N(]-v (lv o deti}) & Wé,va wl)a

where 1 = 1la = (1/2,—1/2), acts as Id or —Id. We denote the sign by n,. Its
inverse, required in the decomposition of Lp,, acts by the same scalar.

Theorem 3.2.1. The subspace L%, of the residual spectrum of Hy(A) decomposes

nto
-
71'/

where the sum is over all cuspidal automorphic representations ' = (1 odet’) ® mh
of M{(A) such that 1 is the trivial character of A* /k*, 7l is not one—dimensional,
the central character wyy of m is trivial, L(1/2,m) # 0 and the parity condition

L(1/2,7T2) 1/2 7T2
L(5/2,7T2 3/2 7T2 H ?é

holds, where w5 is the global lift of 7.

Bi(x') is the irreducible space of automorphic forms spanned by the iterated
residue at s = (3/2,1/2) of the Eisenstein series attached to w'. The constant
term map gives rise to an isomorphism of Bi(w') and the image of the normalized
intertwining operator N((3/2,1/2), ', wawiws).

Proof. Let ©' = (x; o det’) ® h be a Case B cuspidal automorphic representation
of M{(A). The iterated pole at B1(3/2,1/2) of the Eisenstein series attached to
m’ is first calculated along the singular hyperplane 2s, = 1 as shown in Figure
B The pole along 2s, = 1 occurs if only if the central character Wy is trivial
and L(1/2,73) # 0. In the new variable z = s; the residues are up to a non-zero
constant given in Table Bl where 1 is the trivial character of A*/k*. Observe

that 7y is selfcontragredient since wy, is trivial.
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TABLE 3.1. Residues along 2s, = 1 of Case B normalizing factors
for 7) = x1 o det’

‘ w ‘ Resgs,—17(s, 7, w) ‘
‘ w2 ‘ 1 ‘
L(z,x172)
wiwz L(z+2,x1m2)e(z,x172)e(z+1,x172)
L(z,x172)
L(z+2,x172)e(z,x172)e(2+1,x172)
L(z—1/2,x1) L(2z,x7) L(z+1/2,x1,v)
Waw1W2 L(2+3/2,x1)e(z—1/2,x1)e(2+1/2,x1) L(1+22,x3)e(22,x7) HUESD L(1/2_27X1_1;)
L(z,x172) L(z—1,x172)
W11 W2 L(z+2,x172)e(z,x1m2)e(2+1,x17m2) L(2+1,x1m2)e(2—1,x1m2)e(2,x172)
L(z—1/2,x1) L(22,x3) I L(z+1/2,x1,0)
L(2+3/2,x1)e(2—1/2,x1)e(2+1/2,x1) L(l+22,x%)s(22,x%) veESp L(l/Q*Z»X;b)

The terms in Table Bl have the pole at B1(3/2,1/2), i.e. z = 3/2, if and only
if x1 is trivial. Up to a non-zero constant the residue of the term corresponding to
wowywo equals

N((3/2,1/2), 7", wowiws),

while after applying the global functional equation for the L—functions, the residue

of the term corresponding to wjwowiws equals
L(1/2,m9)L(—1/2,72)
L(5/2,79)L(3/2,72)
The residue acting at a decomposable vector of the induced representation gives
L(1/2,m2)L(—1/2,72)
L(5/2,m9)L(3/2,m2)
Now, the non—vanishing condition for the square—bracket gives the parity condition
of the theorem. The Langlands square—integrability criterion of Lemma [B1.1] is
satisfied. As in Case B of [§], the irreducibility of the image of the normalized
operator N((3/2,1/2), 7', wawiws) is proved. O

N((3/2,1/2), 7', wiwawiws).

N((3/2,1/2), 7', wowyws) | Id + N((3/2,1/2), 7' ,wq)

Before giving the decomposition of L2B2 we consider the induced representation
GLj(ky) ’
Indg 7 (ko) xars (k) ((x1w o dety) ®m5,)
where 7r§7v is a unitary, generic at split places, irreducible representation with the
trivial central character and x;, a quadratic character of k,°. It is irreducible at
all places by [3], [2], and [33]. Hence, the normalized intertwining operator

N(0, (x1,0 © dety,) @ 7, w1)

acts as I'd or —Id. We denote the sign by n,. Its inverse required in the decompo-
sition of L%, acts by the same scalar.
Furthermore, consider the image of the normalized intertwining operator

N((1/27 1/2)771';, w1w2w1w2),

where 7], 2 (x1,, o det;) ® 75, and x; and m , are as above. At non-split places
the image is irreducible by the Langlands classification since =/, is supercuspidal.
At split places, the image is described in terms of the Langlands classification

as in Section 2.3 of [8]. However, due to more complicated reducibilities for the

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



RESIDUAL SPECTRUM OF AN INNER FORM OF Spg 3997

symplectic group, the image is irreducible if and only if X1 , is trivial. If x;, is a
non—trivial quadratic character, it is a sum of two irreducible constituents. In both
cases, we denote the constituents by IIF and make a convention that I is trivial
if x1,, is trivial. In terms of the Langlands classification, if 73, is tempered, then
I is the quotient of the standard module

Sps (k) 1/2 +
IndGlzsl(kU)XGLQ(k'U)XSL2(k’U) <X1,1)| . | ®7T2,UV / (2 ) s

while if 79, is a complementary series attached to a unitary character g, of k}
and an exponent 0 < r < 1/2, then it is the quotient of the standard module

Sps (k) 1/2+r 1/2—r +
IndGLSl(k,u)xGLl(kv)xGLl(kv)xSLQ(ku) (Xl,v| | @ pov / & oV / T, ) .

Here 7 are irreducible tempered representations of SLs(k,) defined by

SLo(ky -
IndGLZI((kv))Xl,v = qu_ D7y,

where 7, is trivial if X1, is trivial.

Theorem 3.2.2. The subspace L2B2 of the residual spectrum of H)(A) decomposes
mto

L232 = @62(7‘-/)7

where the sum is over all cuspidal automorphic representations ™' = (x1 odet’) @ 7h
of M{(A) such that x1 is a non-trivial quadratic character, x1., is non-trivial for
all v € Sp, 7 is not one—dimensional, the central character Wry of mh s trivial,
L(1/2,79) # 0 and L(1/2, x1m2) # 0, where mo is the global lift of 7}, and the parity
condition [], n, =1 holds.

Ba (') is the space of automorphic forms spanned by the iterated residue at s =
(1/2,1/2) of the Eisenstein series attached to n'. The constant term map gives rise
to an isomorphism of Ba(w') and the sum of the irreducible representations of the
form ®,1I1., where IL,, is one of at most two irreducible components of the image of
N((1/2,1/2), 7}, wiwawiws) and at almost all split places it is 11 .

Proof. The proof goes along the same lines as the proof of the previous theorem.
The residues along 2so = 1 are already given in Table3.Il Now, the pole at z = 1/2
of the terms in Table B.1]is obtained if and only if x; is a quadratic character such
that X1, is non-trivial at all v € Sp and L(1/2, x1m2) # 0. The local condition
comes from the local Hecke L—function in the denominator of the global normalizing
factors which would otherwise cancel the pole. Again, using the global functional
equation and decomposing, the iterated residue at B2(1/2,1/2) equals

N((1/2,1/2), 7", wowyws) [Id + N((1/2,1/2), 7", w1)] .

The non—vanishing of the square-bracket gives the parity condition. The square—
integrability criterion of Lemma BTl is satisfied. Since N((1/2,1/2),7',w1) is an
isomorphism, the image of N((1/2,1/2), 7', wowiws) is isomorphic to the image of
N((1/2,1/2), 7', wiwewyws), which was decomposed at every place just before the
statement of the theorem. Since an automorphic representation is unramified at
almost all places, I}, = II; at almost all split places. (I
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FiGURE 3.3. Case C singular hyperplanes

3.3. Case C. In this case 7’ & 7] ® 7} is a cuspidal automorphic representation
of Mj(A) such that 7} = x; o det’, for i = 1,2, where y; is a unitary character
of AX/k*. The global normalizing factors of the standard intertwining operators
in the sum (B3] are the products of the maximal proper parabolic subgroup cases
given in Corollary 244l By the analytic properties of the L-functions of Lemma
B2 the possible singular hyperplanes of the terms in the sum (B3) are given in
Figure B3l There are eight possible iterated poles denoted as in Figure 3.3l by

C1(7/2,3/2),  C2(5/2,1/2), C3(2,0), Ca(3/2,-1/2),
C5(3/2,3/2), Cs(1/2,3/2), C2(3/2,1/2), Cs(1/2,1/2).

Hence, L2 decomposes accordingly into

L2212 ol ol ol ol oLl oLk oL,

Theorem 3.3.1. The subspace L, of the residual spectrum of Hj(A) is the irre-
ducible space of automorphic forms consisting only of constant functions on H5(A).

Proof. Let ' = (x;odet’) ® (x2 odet”) be a Case C cuspidal automorphic represen-
tation of M{(A). As shown in Figure B3] for the contribution of 7’ to the residual
spectrum at C(7/2,3/2) the iterated pole of the sum (B3)) is first considered along
s1 — So = 2. It occurs if and only if xy; = x2. Let x = x1 = x2. The residues,
written in a new variable z on s; — s = 2 given by

s1=z+1 and s;=2z-1

up to a non-zero constant, are given in Table

Point C; corresponds to z = 5/2. The pole of the terms in Table B2 at z = 5/2
may occur only if x is trivial. Then, only the term corresponding to the Weyl group
element wywowiws has a pole. It is simple. Hence, up to a non-zero constant, the
iterated residue at C of the sum (B3] equals

N((7/2,3/2), (1 odet’) ® (1 odet’), wiwawiws).
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TABLE 3.2. Residues along s; — so = 2 of Case C normalizing factors

| w | Resg, _s,—27(s, (x o det’) @ (x o det’), w) |
[ o ] 1 |
L(z+1/2,x) L(z+3/2,xv)
w2t TGT5/230: (18/20e T2 Lvesn To1/oa ey
L(2242,x2)
"L(2zF3x%)e(224+2,x2)
L(z+1/2,x) L(z2+3/2,xv)
W1W2W1 | TI5/2,)e(2+3/2,x)e (2 +1/2,X) [Les, L(—1/2—2x3 D)

L(2242,x%)
"L(2z+3,x2)e(22+2,x2)
L(2z—1,x*)L(2z,x°)
L(2241,x7) L(2242,x?)e (22— 1,x%)e(22,x%)%e(2z+1,x7%)
I L(22,x3)L(2z+1,x3)
VESD L(—22,x5 2 )L(1-22,x5°)

L(z+1/2,x) 11 _LGE3/2.x0)
L(z+5/2,x)e(2+3/2,x)e(2+1/2,x) L lv€Sp L(—1/2—2,x7 1)
L(2242,x2)

L(2Z+3,X22€(2Z+2,X2)
L(22—1,x*)L(2z,x°)
L(22+1,x2) L(22+2,x?)e(22—1,x?)e(22,x2)2c (22 +1,x%) |
H L(ZZ,Xi)L(Qz—Q—l,Xz)
vESD L(—2z,xy 2)L(1—22,x35 2)

L(2—3/2,x) I L(z=1/2,xv)
L(z+1/2,x)e(2—1/2,x)e(2—3/2,x) L Wve€Sp L(3/2—2,x2 1)
L(22—2,x%)
Tz=1,x%)e(22—2,x2)

W1w2w1wW2

The square-integrability criterion of Lemma [B.T.T]is satisfied, and the image of that
operator is the trivial representation of Spg(k,) at every place. Hence, LQC1 consists
only of the constant functions on H,(A). O

Before giving the decomposition of L202 consider the image of local normalized
operator

N((5/2,1/2), (xo © det;,) ® (xo © det;,), wywawiws),

where x, is a quadratic character of k)C. It is irreducible at non-split places by
the Langlands classification. At split places its image can be described as in the
case of By in Section It is the sum of two irreducible representations if y, is
non-trivial, and it is irreducible if x,, is trivial. As before, we denote the irreducible

components by IT}" and II;,, where 1T, is trivial if y, is trivial, and at unramified
places IT; is the unramified component.

Theorem 3.3.2. The subspace ch2 of the residual spectrum of H,(A) is isomorphic

to
L202 = @ Ca (ﬂ—/)’

where the sum is over all one—dimensional cuspidal automorphic representations
7' = (yodet')® (xodet’) of M(A) such that x is a non-trivial quadratic character
and X, ts non-trivial for all v € Sp.

Co(m') is the space of automorphic forms spanned by the iterated residue at s =
(5/2,1/2) of the Fisenstein series attached to w'. The constant term map gives rise
to an isomorphism of Co(n') and the sum of the irreducible representations of the
form @, II.,, where II), is one of at most two irreducible components of the image
of N((5/2,1/2), 7, wiwawiws) and where it is IL} at almost all split places.
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Proof. We skip the proof since it is the same as the proof of Theorem B3Il The
local condition of non—triviality of the local component x, at all places v € Sp
comes from the local L—functions in the global normalizing factors. O

Before decomposing L203 consider the induced representation

) (),

where x, is a quadratic character of k. It is irreducible by [29], [30], [27], and
[28]. Hence, the Hj(k,) normalized intertwining operator

N(Ov Xv © det;, wQ)

Ind

acts as Id or —Id, and we denote the sign by 7,.

Theorem 3.3.3. The subspace LQC3 of the residual spectrum of H,(A) decomposes

nto
L%S = @03(71-/)’

where the sum is over all one—dimensional cuspidal automorphic representations
7' 22 (yodet') ® (x odet’) of M{(A) such that x is a quadratic character and the
parity condition [[, 1y = —(1/2, x) holds.

Cs(7') is the irreducible space of automorphic forms spanned by the iterated
residue at s = (2,0) of the Fisenstein series attached to ©’'. The constant term
map gives rise to an isomorphism of Cs3(n') and the image of the normalized in-
tertwining operator N((2,0), 7', wywewy). At non—split places it is the Langlands
quotient of the induced representation

Hi (k)
Ind 70 ) s (k) ((xv o dety) @ 7)),

where T, = Indg{L(,lk(Z)) (Xv ) det;) is irreducible and tempered. At split places it is

the Langlands quotient of the induced representation
Ind7 725 (vl P2 @ ol 2 @ xal - [V2 @ xal -2,
where T = GL1 x GL1 x GLy x GL1 is the mazimal split torus of Sps.

Proof. Calculating the residue at z = 1 (which corresponds to C3) of the terms in
Table 3.2 using Lemma [3.1.2] Lemma and the global functional equation for
L—functions shows that the pole occurs if and only if x = x1 = x2 is a quadratic
character. The residue is non—zero only for terms corresponding to wywsw; and
wywowiws. Their sum acting on the decomposable vector gives

N((2,0), 7", wiwowy) [Id — e(1/2,x)N((2,0), 7", ws)] .

The parity condition comes from the non—vanishing of the square bracket. The
square—integrability criterion of Lemma [3.1.1]is satisfied. The description in terms
of the Langlands classification of the image of the normalized intertwining operator
N((2,0), 7', wywawiws), which is isomorphic to the image of N((2,0), 7/, wywawy),
comes at a non-split place from the fact that 7, = Indgi(,lk(}’cl) (Xv ) det;) is irre-
ducible and tempered. At a split place one observes that the induced representation

IndZLLi((]Zf)) (xo - |-/ %) is irreducible. O

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



RESIDUAL SPECTRUM OF AN INNER FORM OF Spsg 4001

As in the decomposition of the corresponding space in Section 2.4 of [8], before
decomposing L2c4 we describe the images of certain local normalized intertwin-
ing operators. We study the behavior of the normalized intertwining operator
N (s, Xy o det],wy) at s = —1/2, where Yy, is a unitary character of kX. If y, is
quadratic, let X, be the image of

N(1/2,x, o det], ws).

It is a subrepresentation of the induced representation

I, = IndgL(,k(k ) ((X@ o det;)l/fl/Q) .

As a simple consequence of the Langlands classification, X, is irreducible unless
v is split and x, is a non-trivial quadratic character. If reducible, it is a direct
sum of two non—isomorphic irreducible representations. Let Y, = I,/ X, denote the
quotient.

Lemma 3.3.4. If x, is not quadratic, then the normalized intertwining operator
N (s, x, o det], ws)
is holomorphic and non—vanishing at s = —1/2. Moreover, it is an isomorphism.

If x, is quadratic, then it has a pole at s = —1/2. The operator
N(=1/2, xy o det), wy) = lim/ (s+1/2)N(s, xo o det’,, ws)
s——1/2

is holomorphic and non—vanishing. In the notation as above, its kernel is X, and
its image is isomorphic to Y,. Thus, N(s,x, o det, wy) at s = —1/2 restricted to
X, is holomorphic and non—vanishing.

Proof. The same as the proof of the corresponding Lemma in Section 2.4 of [§]. O

Corollary 3.3.5. Let 7/ = (x,odet! )®(x odet)). If x, is not quadratic, the image
of the normalized intertwining operator N((3/2,—1/2),nl, wiwowiws), denoted by
Wy, is non-trivial and isomorphic to the image of N((3/2,1/2), 7}, wiwawy).

The image of N((3/2,1/2), 7, wywow;)N(—1/2, x, o det!, ws), denoted by W/,
s mon-trivial if x, s quadratic. Furthermore, if x., is quadratic, then the image of
N((3/2,1/2),n), wiwown), again denoted by W, is non-trivial and contains W, as
a subrepresentation.

Proof. Although we have not specified the irreducible constituents of Y,, in terms of
the Langlands classification, the exponents are certainly at most 1, and the proof
goes along the same lines as the proof of the corresponding Corollary in Section 2.4

of [8]. O

For a unitary character p of k*\A* let S1(u) denote the set of places of k such
that u, is trivial. For a unitary character x of k*\A* let

m(x) = |51(x*) N Sp| — [S1(x) N Spl.
Note that m(x) > 0 since S1(x) C S1(x?).
Theorem 3.3.6. The subspace L204 of the residual spectrum of H,(A) decomposes

into <EBC(1) ) <@C(2) )
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The former sum is over all one—dimensional cuspidal automorphic representations
7' 22 (xyodet')® (yodet') of M(A) such that x is quadratic. The latter sum is over
all one—dimensional cuspidal automorphic representations ™ = (yodet')® (xodet’)
of M{j(A) such that x is not quadratic but there is either at least one non—split place
v € Sp where ., is trivial or at least one split place v & Sp where X2 is trivial.

The spaces Cil)(ﬂ") and Cf) (7') are the spaces of automorphic forms spanned by
the residues

lir1r>2(z —1/2)"Ress, —s,—2E(s, g; fs, '),

where n is the order of the pole at z = 1/2. Here z is the new variable on s1—sg = 2
given by s1 =z+1 and s =z — 1.

If x is a non-trivial quadratic character, the constant term map gives rise to an
isomorphism between Cf)(ﬂ’) and

&|(@m)e(@w]|.

v veV vgV

where the sum is over all finite sets of places V' such that |V| = m(x) and W,, W)
are defined in Corollary B35 If x is trivial, then the constant term map implies
that Cél)(ﬂ'l) contains a space isomorphic to @, [Wy, ® (&), Wo)|, where the sum
is over all places.

If x is not quadratic, the constant term map gives rise to an isomorphism between

Cf) (7") and

® (®w4)® Q.||

\% veV vgV

where the sum is over all finite sets of places V. C S1(x?) such that |V| = m(x) +1
and W, W, are defined in Corollary B35l

Proof. Along the same lines as the proof of the corresponding Theorem in Section
2.4 of [8]. The more complicated description is only due to the more complicated
normalizing factors. (I

Before passing to L205 consider the normalized intertwining operator
N(0, (1, odet)) ® (1, odet.),w)
acting on the induced representation

Indg 7)oy (Lo 0 det]) @ (1, o det))) |
where 1, is the trivial character of k). Since the induced representation is irre-
ducible by [34], [2], and [33], the normalized intertwining operator acts as Id or
—Id. We denote the sign by 7,.

The irreducibility of the spaces of automorphic forms appearing in the decom-
position of L205 follows from the following lemma. Using Lemma BI4 it is a
consequence of the Langlands classification.

Lemma 3.3.7. Let 7, & (1, odet)) ® (1, odet.) be the trivial representation of
M{(k,), where 1, is the trivial character of k). Then, the images of the normalized
intertwining operators

N((3/2,3/2), 7, wowrws) and N((3/2,3/2), 7., wiwswiws)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



RESIDUAL SPECTRUM OF AN INNER FORM OF Spg 4003

are isomorphic and irreducible. At non—split places it is isomorphic to the Langlands
quotient of the induced representation

H (ks :
IndGz(l(k‘)u)/XGLll(ku) ((lv o det/,)*/? ® (1, 0 det;)VS/z) ’

while at non—split places it is isomorphic to the Langlands quotient of the induced
representation

IndSPs ko) (1,12 12 n !

nd, G5 (1 Pol-Pel-I'el-1'),
where T =2 GL1 x GL1 x GLy x GL; is the mazimal split torus of Sps.
Proof. The images are isomorphic because the GL4(k,) normalized operator
N(0,7,,wq) is an isomorphism. At non-split places the image is irreducible by
the Langlands classification since 7, is supercuspidal and w;wewjws is the longest
Weyl group element. Let v be a split place and, in the notation of Lemma B.1.4]

w = wwawiwy and s = (3/2,3/2). Furthermore, L is the maximal split torus
T>GL1 x GL1 x GL1 x GLq,

s+s=(1,2,1,2) and 7,2¢1,®1,®1,®1,.
For w’ we take the Weyl group element corresponding to the permutation
w' = (1,4,3)(2),

where (i1,19,...,4;) denotes the cycle mapping i; — ig — ...+ i; — 41. The per-
mutation p of m letters acts on s=(s1,...,8m) €C™ by p(s) =(5p-1(1)s- -+, 5p=1(m))
and on a representation ¢ = 01 ® ... ® oy, of GLy, (ky) X ... X GL,,, (k) by
p(o) = Op=1(1) @ ... ® Op=1(m)- Then

wlil(§+§,) = (23 2; 1, 1)3

and the normalized intertwining operator N(w'~!(s+s'),w'~1(7,),w’) is surjective
onto I(s,m,) since it can be decomposed into

Indsps(ku) (||2®‘|2®|‘1®||1)

T (kv)

- Indgpfl((kgj)xGLQ(ku)xGLl(kv) (| : |2 ® (1,0 detv)’/g/2 ® |- |1)
— Indé?;(kkuv))xGLl(kv)xGLl(kl,) ((LJ o detv)y3/2 ®|- |2 ®|- |1)
— Indgﬁ((kifwch(kv) ((11, odet,)r*? @ (1, 0 detq,)l/s/Z) ,

where the first and the third arrows are surjective by the Langlands classification,
while the second one is an isomorphism by the results of [2] at non-archimedean
places and Lemma 1.7 of [24] at archimedean places. Thus condition (I of
Lemma 314 is satisfied.

In the notation of Lemma [B.T.4 we take the Weyl group element w” = (1,2, 3)(4).
Then w”ww’ is the longest Weyl group element with respect to 7. Now, we
verify condition (2) of Lemma T4l The normalized intertwining operator
N(w(s+ s"),w(ry),w”) acts on the induced representation

S ky _ _ _ _
md; %) (1120 el 2 oY)
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containing I (w(s),w(m,)) as a subrepresentation. If its restriction to I(w(s),w(m,))
were not injective, then its kernel would have non-trivial intersection with
I(w(s), w(m,)). Decomposing the normalized intertwining operator
N(w(s+ s'), w(ry), w") according to w” = (1,2)(3)(4) o (1)(2, 3)(4) into
Sps (K - - _ _
md; 5 (|2 e el 2el )
Sps (ka - - - _
— Ind7 %™ (1 e 2ol el 7Y
Sps (ko _ _ _ _
= Indg 8 (|- 1o | [Pel el ),
where the second arrow is an isomorphism, we obtain that its kernel is isomorphic
to the kernel of the first arrow, which is

Sps (ko) -2 —3/2 -1
Ind G () ) G Lo (k) X G L (o) (| (@St v el | ) )

where, abusing the non-archimedean notation, St;, at archimedean places denotes

the unique irreducible subrepresentation of the induced representation
IndgéfgzzngLl(kv) (|-1"2®]-|7%/2). Since by the Langlands classification this
kernel contains the Langlands quotient as the unique irreducible subrepresentation,
if the intersection with I(w(s), w(m,)) were non-trivial, it would contain this Lang-
lands quotient as a subrepresentation. However, such a subrepresentation would be

the irreducible quotient of I(s, ,), which is the quotient of
Sps (ko 2 2 1
md7; " (I-Pol-Pel-I'el- )
by the first part of the proof. But the last induced representation has its own
unique irreducible Langlands quotient, which is not isomorphic to the one in the
kernel. This proves condition (2)) of Lemma B4

Applying Lemma [B.1.4] shows that the image of the normalized intertwining
operator N (s, m,,w) is isomorphic to the image of

N((2,2,1,1),1,® 1, ® 1, @ 1,,, w"ww’).

Since w"ww’ is the longest Weyl group element and (2,2, 1,1) € aj ¢ satisfies the
conditions of the Langlands classification, the image is irreducible as claimed. [J

Theorem 3.3.8. The subspace L, of the residual spectrum of Hj(A) is

L2 — {0}’ Zf HU Ny = 17
Cs Cs ((1 o det/) ® (1o det/)) , if Hﬂ M, = —1.

Here Cs5 ((1odet’)® (Lodet')) is the irreducible space of automorphic forms
spanned by the iterated residue at s = (3/2,3/2) of the Fisenstein series attached
to the trivial representation © = (1o det’) ® (1 o det’) of Mi(A). The constant
term map gives rise to an isomorphism of Cs ((1 o det’) ® (1o det’)) and the im-
age of the normalized operator N((3/2,3/2), 7', wewiws) described in the previous

Lemma [B.3.71

Proof. In order to find the contribution to the residual spectrum at C5(3/2,3/2)
we study the iterated pole of the Eisenstein series attached to a Case C cuspidal
automorphic representation ' = (y; o det’) ® (2 o det’). As shown in Figure B3]
we first look at the pole of the normalizing factors along 2s, = 3. It occurs if and
only if yo is trivial. The residues, up to a non-zero constant, are given in Table

B3l where z = 5.
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TABLE 3.3. Residues along 2s; = 3 of Case C normalizing factors

| w | Resys,—3r(s, (x1 0 det’) ® (1 o det’), w) |
o 1 |
o1ty L(z+3/2x)L(z+1/2,x1)

L(z+7/2,X1)L(z+5/2,X1)5(2+5/2,X1)5(z+3/2,x1)26(z+1/2,>(1).
11 L(z4+3/2,X1,0) L(2+5/2,x1,0)
YESD L(—2-3/2,x71 ) L(—2—1/2,x1.y)
L(z+3/2x1)L(z+1/2,x1) .
L(2+7/2,x1)L(2+5/2,x1)e(2+5/2,x1)e(2+3/2,x1)%e(2+1/2,x1)
I L(z+3/2,x1,v) L(z4+5/2,x1,v)
YESD L(—2-3/2,x7,)L(—2—1/2,x1,,)
L(z=1/2,x1) 11 L(+1/2x1.0)
L(z+3/2,x1)e(z+1/2,x1)e(z=1/2,x1) Llv€Sp T(1/2—2x7])
) L(22,x3)
L(22+1,x1)e(22,x3)
L(z4+3/2,x1) L(z+1/2,x1) ]
L(z+7/2,x1)L(2+5/2,x1)e(2+5/2,x1)e(2+3/2,x1)%e(2+1/2,x1)
I L(z+3/2,x1.0) L(z45/2,x1.v)
VESD L(—2-3/2,x7 y)L(—2—1/2,x7 y)
L(z=1/2,x1) 11 L(z41/2,x1,0)
L(2+3/2,x1)e(z+1/2,x1)e(2—1/2,x1) 11v€Sp L(1/2—2,x7})
. L(2z,x3)
L(2z+1,x%)e(22,x2)
L(z=5/2,x1)L(2—3/2,x1) .
L(z+1/2,x1)L(2—1/2,x1)e(2—1/2,x1)e(2—3/2,x1)%e(2—5/2,x1)
H L(z—3/2,x1,0)L(z—1/2,x1,v)
vESD L(3/2-2,x1.0)L(5/2—2.x1.4)

W2 w1 w2

W1W2wW1 W2

Point C5 corresponds to z = 3/2. By Lemma B.T.2] the pole of terms in Table
at z = 3/2 occurs if and only if x; is trivial. Only the terms corresponding to
the Weyl group elements wow;ws and wywsowiws have the pole, and it is simple.
Up to a non—zero constant, using the global functional equation and Lemma B1.3]
the sum of its residues acting on a decomposable vector gives

N((3/2,3/2), 7, wawiws) [Id — N((3/2,3/2), 7', w1)] .

The parity condition is obtained from the non—vanishing of the square brackets.
The square-integrability criterion of Lemma [B.TTlis satisfied, and the irreducibility
of the image of the normalized intertwining operator

N((3/2,3/2),(1odet’) ® (1 odet’), wawiws)
follows from the previous Lemma [3.3.7 O

Decomposing LQC6 is quite similar to La. We use the same notation to emphasize
the analogy. For a split place v consider the behavior of the normalized intertwining
operator N((s,3/2), 7y, w1) at s = 1/2, where 7, = (x1,, ® det,) ® (1, @ det,).
Here 1, is the trivial and xi, is a unitary character of k. If x1,, is trivial, let X,
denote the image of N((3/2,1/2),m,,w1). By the Langlands classification it is an
irreducible subrepresentation of

GLy(ky
I, = IndGLiEkv;xGLz(kv) ((Xl,v ® detv)yl/z ® (1, ® detv)yg/Q) ’

Let Y, = I,/X, denote the quotient. The proofs of the following lemma and its
corollary are the same as the corresponding proofs in Section 2.4 of [§] and the
corresponding proofs in the decomposition of LQC4 above.
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Lemma 3.3.9. If either v € Sp or x1,, is non-trivial, then N((s,3/2),m,,w1) at
s =1/2 is an isomorphism. Thus, it is holomorphic and non-vanishing.

If v & Sp and x1,, is trivial, then N((s,3/2),m,,w1) has a pole at s =1/2. The
operator

N((1/2,3/2), 7y, wy) = 11132(5 —1/2)N((s,3/2), 7y, w1)
S—
is holomorphic, its image is isomorphic to Y, , and its kernel is X,. Thus, the re-

striction of N((s,3/2), 7y, w1) at s =1/2 to X, is holomorphic and non—vanishing.

Corollary 3.3.10. Let 7}, & (x1, odet,) ® (1, odet)). Ifv € Sp or x1. s
non-trivial, then the image of N((1/2,3/2), 7T1),’LU1’UJ2U)1’LU2), denoted by W, is non-
trivial and isomorphic to the image of N((3/2,1/2), 7., wawiws).

If v Sp and x1,, is trivial, then the image of

N((3/2,1/2), 7}, wowiwa) N ((1/2,3/2), 7, w1),
denoted by W), is non-trivial. Furthermore, in this case the image of

N((1/273/2)7ﬂ-;a 'LUQU)]_U}Q),

v

again denoted by W, is non-trivial and contains W, as a subrepresentation.

As before, let Sy(p) denote the set of places where a local component pu, of a
unitary character p of k*\A* is trivial. Let 7, be the sign of N((1/2,3/2), 7., w1)
acting on X,. For x; a non-trivial quadratic character of k*\A* such that x1 , is
non-trivial for all v € Sp, let

C = L(_Q’Xl)L( 1 Xl) H -1 le (07X1,v)
L(]-,XI)L(Ole)E(OaXl)g( 1 Xl -2 Xl L 1 » X1, v)L(2 Xl,v)

be the non—zero constant appearing in the parity conditions of the theorem below.

Theorem 3.3.11. The subspace chs of the residual spectrum of H5(A) decomposes

ecfeee)(ee)

The former sum is over all one—dimensional cuspidal automorphic representations
7' = (ygodet’)®@(Lodet') of M{(A) such that x1 is a non-trivial quadratic character
and either X1, is non-trivial for allv € Sp and the parity condition C -], ny # —1
holds, or there is a non-split place v € Sp where x1,, 15 trivial. The latter sum is
over all one—dimensional cuspidal automorphic representations ©' = (x1 o det’) ®
(Lodet’) of M{(A) such that there is a split place v & Sp where X1, is trivial, and
if X1 is a nontrivial quadratic character, then the parity condition C -], n, = —1
holds.

The spaces Cél)(w’) and CéQ) (7') are the spaces of automorphic forms spanned by
the residues

lim (s1 —1/2)"Resss,—3E(s, g; fs, '),
s1—1/2

where n is the order of the pole at s1 = 1/2.

In the notation of Corollary B310l, the constant term map gives rise to an
isomorphism between Cél)(ﬂ’) and @, W,. Unless x1 is trivial, the constant term
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map gives rise to an isomorphism between CéZ)(ﬂ'/) and

P W, e [ QW

weS1(x1)\Sp vEW

Finally, if x1 is trivial the constant term map implies that CéQ)(TF/) contains a space
isomorphic to @ ,,gs, Wi, @ (&2, Wo)l-

Proof. The proof is quite similar to the proof of Theorem and the corre-
sponding Theorem in Section 2.4 of [§]. The parity condition comes from the fact
that there is a case in which the pole occurs for the normalizing factors of opera-
tors attached to both wowiws and wiwowiws. An argument similar to the proof
of Theorem shows that the cancellation of the pole is precisely the parity
condition of the theorem. O

For the description of the irreducible constituents of L2c7 we need the following
lemma.

Lemma 3.3.12. Let 7, 2 (1, odet!) @ (x2,, odet,) be a representation of M{(ky),
where X2, 45 a quadratic character of kY. Then the images of the normalized
intertwining operators

N((3/2,1/2), 7, wowrws) and N((3/2,1/2), 7, wiwswiws)

v
are isomorphic. At non—split places the image is irreducible and isomorphic to the
Langlands quotient of the induced representation

HY(ky
A ey (Lo detl)v¥/2 @ (xa,, o det v!/?).

At the split places where X2, = 1, is trivial it is irreducible and isomorphic to the
Langlands quotient of the induced representation

Sps (k) 2 1 1
Ind 7 ) @ (ko)X GL (ko) x SLa(key U @ T [P @ [ @ T1,0)

where Ty 5, = IndSL2 Ly (k. ))11, is irreducible and tempered. At the split places where X2,

is non-trivial, it is the direct sum of two irreducible representations isomorphic to
the Langlands quotients of the induced representations

Idsps( ) (‘ |2®| ‘1

1
GL1 (ko)X GL1 (ko) XGL1 (ky) X SLa (ke ' eTi),

IndSL2 (ko)

fori=1,2, where 71 ,® T2, = o) X2, and T; ,, are irreducible and tempered.

Proof. Another application of Lemma [3.1.4] similar to Lemma 3371 Thus we omit
the proof. O

By the lemma the normalized intertwining operator
N((=1/2,-3/2), (x2.0 o det,) ® (1, o det.,), w1)

restricted to the image of N((3/2,1/2), 7, wewjws) is an isomorphism of the two
images described in the lemma. Since those images are at all places completely
reducible, let H;,i denote the +1-eigenspaces. It is possible that one of the spaces
is trivial, and the unramified component is always II.".
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TABLE 3.4. Residues along 2so = 1 of Case C normalizing factors

| w | Resgs,—17(s, ', w) |
| wa | 1 |
wws L(z—1/2,x1x2)L(z+1/2,x1Xx2)

L(z+3/2,x1x2) L(2+5/2,x1x2)e(2—1/2,x1X2)e(2+1/2,x1Xx2)*e(2+3/2,x1X2)
11 L(z4+1/2,x1,0x2,0) L(2+3/2,x1,0X2,v)
vESD L(—2—1/2,x7 yX2,0)L(1/2—2,X1 pX2,0)
L(z—1/2,x1x2)L(z+1/2,x1Xx2)
L(z+3/2,x1x2) L(z+5/2,x1 x2)e(2—1/2,x1X2)e(2+1/2,x1 X2)?e(2+3/2,x1X2)
Wo W1 W2 H L(= 1/2’X1fX2,v)L(Z+3 27X1,vX2,v
vE€SD L(—2-1/2,x7 yx2,0)L(1/2—2.X7 hX2.0)
L(z—1/2,x1) H L(z4+1/2,x1,0)
L(z+3/2,x1)e(2+1/2,x1)e(2=1/2,x1) 1 Lv€Sp L(1/2—2,x71)
. L(2Z7X1)

L(2z+1,x2)e(22,x3)
L(z—1/2,x1x2)L(z+1/2,x1x2)
L(z+3/2,x1x2)L(2+5/2,x1x2)e(2—1/2,x1x2)e(2+1/2,x1Xx2)?e(2+3/2,x1X2)
11 L(z4+1/2,x1,0X2,0) L(243/2,X1,vX2,v)
vESD L(7Z71/21X17,1;X2,v)L(1/27Z1X17,1;X2,v)

L(z—1/2,x1) H L(z+1/2,x1,v)
L(z+3/2,x1)e(>+1/2,x1)e(2—1/2,x1) 1 Lv€SD L(1/2—2,x71)
L(2z,x3)

"L(224+1,x3)e(22,x7)
L(2=3/2,x1x2)L(2—1/2,x1x2)
L(z+1/2,x1x2)L(2+3/2,x1x2)e(2—3/2,x1x2)e(2—1/2,x1x2)%e(2+1/2,x1x2)
H L(Z_1/27X1,UX‘2‘U)L(Z+1/27X1,wX2,v)

YESD L(—241/2,x7 yX2,0)L(3/2—2.XT b X2,0)

W1 W2wW1 W2

Theorem 3.3.13. The subspace L, of the residual spectrum of Hy(A) decomposes

nto
- Do
7.‘./

where the sum is over all cuspidal automorphic representations of the form n’ =
(1 ®det’) ® (x2 @ det’) of M{(A) such that xo is a non-trivial quadratic character
and X2,, @5 non-trivial for all v € Sp.

C7(7') is the space of automorphic forms spanned by the iterated residue at s =
(3/2,1/2) of the Fisenstein series attached to '. The constant term map gives rise
to an isomorphism of C7(7') and the direct sum of the spaces of the form @, I,
where n, € {+,—}, Ny = + for almost all v, and the parity condition

L L ]. ]- ’U 23 v
H”v' (0, x2)L(1, x2) e H o s X2,0)L(2, X2,0) £ -1
" S X2) e

L(27X2)L(3aX2)5(07X2) (1 X2 -1 » X2 U)L(07X2,v)
holds.

Proof. At C7 the iterated residue of the constant term (3.3]) of the Eisenstein series
attached to a Case C cuspidal automorphic representation ' 2 (y; o det’) ® (x2 o
det’) of M}(A) is first calculated along 2s; = 1 as shown in Figure By the
analytic properties of the L—functions in Lemma [B.T.2] the pole of the normalizing
factors occurs if and only if x2 is a non-trivial quadratic character such that xa , is
non-trivial at all places v € Sp. Then, the terms corresponding to the Weyl group
elements wso, wiws, wewiws and wijwswiws have poles, and they are simple. The
residues, up to a non-zero constant are given in Table 3.4l where z = s;.

Point C; corresponds to z = 3/2. There are two possibilities for obtaining
the pole of the terms in Table 3.4l First, the pole occurs if xix2 is trivial, i.e.
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X1 = X2 is a non-trivial quadratic character such that x1,, = x2,, is non-trivial at all
v € Sp. Then, the terms corresponding to the Weyl group elements wyws, wowiws
and wywowiwse have poles at z = 3/2, and they are all simple. However, since
wiwa(3/2,1/2) = (—1/2,3/2) does not satisfy the square—integrability criterion of
Lemma B.1.1] the contribution of the iterated pole can be square—integrable only
for automorphic forms f such that
N((3/2,1/2), 7', wiwz) f = 0.

But then, the remaining two residues also vanish on f by the decomposition prop-
erty of the intertwining operators, and there is no contribution to L2C7 in this case.

The other possibility for the pole of the terms in Table Bl at z = 3/2 is for x3
trivial. Then x1x2 = x2. Hence, by the analytic properties of the L—functions of
Lemma [31.2] the terms corresponding to the Weyl group elements wsw;wy and
wiwewyws have poles, and they are simple. Up to a non-zero constant, the sum of
the residues acing on a decomposable vector gives

[d+C - N((—1/2,-3/2), wawiwa(7), w1)] N((3/2,1/2), ', wawiw2),
where the constant C' is given by

L(0, x2)L(1, x2) H L(1, x2,0) L(2, x2,0)
L(2aXQ)L(SaX2)5(07X2)€(1aXQ 2 XQ L -1 » X2, v)L(()vXZ,v)

The parity condition is just the non—vanishing condition for the square-bracket
acting on the image of N((3/2,1/2), 7', wawjwsy). The square-integrability cri-
terion of Lemma [B.1.]] is satisfied, and the contribution of the iterated residue
is isomorphic to the part of the image of the normalized intertwining operator
N((3/2,1/2), 7', wawiws) satisfying the parity condition. O

vESD

Before decomposing L208 consider the normalized intertwining operator
N(0, x1,0 o det’ ® x5, o det’, wy)
acting on the induced representation

GL (K,
IndGL?EkvngL,l e,y (Oxr 0 det])) ® (xa,0 0 det,))

The induced representation is irreducible by [34], [2], and[33]. Hence, the normal-
ized operator acts as Id or —Id, and we denote the sign by 7,. For the description
of the irreducible components of L%g we need the following lemma.

Lemma 3.3.14. Let !, & (x4 0det,) ® (x2,0det.) be a representation of Mj(A),
where Xi. are quadratic characters of k). Then the images of the normalized
intertwining operators

N((1/2,1/2), 7, wowiws) and N((1/2,1/2), 7, wiwswiws)

are isomorphic. At non—split places the image is irreducible as the Langlands quo-
tient of the induced representation

H (K,
Indg 3 iy x i i) ((Xl,v o det, )"/ @ (xa,0 0 det;)Vl/z) '

At split places, it is either irreducible or the direct sum of two or four irreducible
constituents, where the irreducible constituents are isomorphic to the Langlands
quotients of the induced representations of the form

S
IndZh (X2,v|"1

1
GL, (kl,)xGLl(kl,)xszl(kv) e Uv) )
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where o, is one of the irreducible tempered constituents of the induced representation

Spa(ky)
Ind 6 xar (k) (X1 ® X2,0) 5
whose decomposition is given in [30] at non—archimedean places and [27] and [2§]
at archimedean places.

Proof. Again Lemma [3.1.4] applies similarly as in B.3.71 Hence, we omit the proof.
O

Theorem 3.3.15. The subspace L208 of the residual spectrum of H)(A) decomposes

Ceefeee)(e)

The former sum is over all one—dimensional cuspidal automorphic representations
7! = (yodet')® (yodet') of Mj(A) such that x is a non-trivial quadratic character,
Xv 18 non-trivial for all v € Sp, the cardinality |Sp| = 2 and the parity condition
[I, 7o = —1 holds. The latter sum is over all one-dimensional cuspidal automorphic
representations ©' = (xjodet’)®(xz0det’) of M{(A) such that x1 # X2 are both non-
trivial quadratic characters, X1, and X2, are non-trivial for allv € Sp, X1,0 # X2,
for all v € Sp and the parity condition ][], n, = 1 holds.

Both Cél)(w’) and C§2) (n") are the spaces of automorphic forms spanned by
the iterated residues at s = (1/2,1/2) of the Fisenstein series attached to w'.
The constant term map gives rise to isomorphisms of both spaces and the sum
of the irreducible representations of the form @, II,,, where II;, is one of the irre-
ducible constituents of the image of the mnormalized intertwining operator
N((1/2,1/2), 7", wowiws) described in the previous lemma, Lemma B3T4, and it
is the unramified one at almost all places.

Proof. The first step in calculating the iterated pole at Cg(1/2,1/2) is along 2s5 = 1,
as in the proof of the previous theorem. Thus, the residues are given in Table [3.4]
and the pole appears if and only if x> is a non-trivial quadratic character with xa2 ,
non-trivial at all places v € Sp. Point Cy corresponds to z = 1/2. By the analytic
properties of the L—functions of Lemma B2 the pole at z = 1/2 of the terms
in Table 3.4 does not occur unless y; is a quadratic character. Indeed, if y; were
not quadratic, then both x; and x1x2 would be non-trivial. Therefore, let x; be a
quadratic character. Now, we distinguish two cases.

First, assume x; = X2, i.e. Xx1X2 is trivial. Due to the local L—functions in the
denominator, the term corresponding to wiwsg has a zero of order |[Sp| —2 > 0.
Recall that |Sp| is always even. The terms corresponding to wawiwg and wwawyws
have a simple pole only if |Sp| = 2. Otherwise, the order of the pole in the
denominator is |Sp| > 4 and cancels the pole in the numerator, which is of order 3.
Moreover, up to a constant which is non-zero due to the sum of the residues acting
on a decomposable vector gives

N((1/2,1/2), 7', wowyws) [Id — N((1/2,1/2), 7', w1)] .

The non—vanishing of the square bracket implies the parity condition. The square—
integrability criterion of Lemma [3.1.1]is satisfied, and the contribution to the resid-
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ual spectrum is isomorphic to the image of the normalized intertwining operator
N((1/2’ 1/2)a T(/a ’LU2’LU1U)2>7

which is described in the previous Lemma B.3.14]

Now, assume x1 # X2, i.6. Xx1X2 is non-trivial. If x; is trivial, then the double
pole in the numerator is cancelled by the pole of the local L—functions in the de-
nominator. If y; is non-trivial, then the numerator has only a simple pole, but it
is not cancelled if 1, is non-trivial and x1,, 7# X2,» for all v € Sp. Therefore, the
pole occurs in this case if and only if x; is a non-trivial quadratic character, xi,,
is non-trivial and 1, # X2,, for all v € Sp. Then, the terms corresponding to the
Weyl group elements wowyws and wywswiwy have simple poles. Up to a non-zero
constant the sum of the residues acting on a decomposable vector is of the form

N((1/2,1/2), 7', wowiws) [Id + N((1/2,1/2), 7', wiwowiws)] .

The non—vanishing of the square bracket is the parity condition in this case. The
square—integrability criterion of Lemma [3.1.1] is satisfied, and the contribution of
this case to the residual spectrum is isomorphic to the image of the normalized
intertwining operator

N((]./Q, 1/2), 7TI, wgwlwg),
which is described in the previous Lemma [3.3.14] O
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