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THE RESIDUAL EISENSTEIN COHOMOLOGY OF Sp,
OVER A TOTALLY REAL NUMBER FIELD

NEVEN GRBAC AND HARALD GROBNER

ABSTRACT. Let G = Spa/k be the k-split symplectic group of k-rank 2, where
k is a totally real number field. In this paper we compute the Eisenstein co-
homology of G with respect to any finite-dimensional, irreducible, k-rational
representation £ of Goo = Ry, gG(R), where Ry /g denotes the restriction of
scalars from k to Q. This approach is based on the work of Schwermer regard-
ing the Eisenstein cohomology for Sps/Q, Kim’s description of the residual
spectrum of Sp4, and the Franke filtration of the space of automorphic forms.
In fact, taking the representation theoretic point of view, we write, for the
group G, the Franke filtration with respect to the cuspidal support, and give
a precise description of the filtration quotients in terms of induced representa-
tions. This is then used as a prerequisite for the explicit computation of the
Eisenstein cohomology. The special focus is on the residual Eisenstein coho-
mology. Under a certain compatibility condition for the coefficient system E
and the cuspidal support, we prove the existence of non—trivial residual Eisen-
stein cohomology classes, which are not square—integrable, that is, represented
by a non-square—integrable residue of an Eisenstein series.

INTRODUCTION

General background. The cohomology of an arithmetic congruence subgroup
I' of a connected, reductive algebraic k-group G, where k is a number field, is
isomorphic to a subspace of the cohomology of the space of automorphic forms.
This identification was conjectured by Borel and Harder and first established in a
conceptual way by Harder in the case of groups of rank one in [Har73], [Har75] and
[Har87]. In all these works he relates the cohomology of I' and the cohomology of the
space of automorphic forms using the fact that the cohomology of I" is isomorphic to
the cohomology of a certain compact space I'\ X, which is an orbifold with orbifold
boundary 9(T'\ X).

More precisely, let Goo = Rj/G(R) be the Lie group of real points of the
algebraic Q-group Ry /oG obtained from G' by the restriction of scalars from & to
Q. Let K be a maximal compact subgroup of G, and Ag,oc = RyjgAc(R) be the
real points of the restriction of scalars from k to Q of a maximal k-split central torus
Ag of G. Then X = Goo /Koo A, 1s the Riemannian symmetric space associated

to the Lie group G = Ry /qG(R) and Koo Ay . The aforementioned space nNx
is then the Borel-Serre compactification of the quotient I'\ X (locally symmetric if
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I is torsionfree). Let E be a finite-dimensional, complex, k-rational representation
of Go. For simplicity, assume that Ag acts trivially on E. It naturally defines
a sheaf E on I'\X and let H*(I\X, E) (respectively H((I'\X), E)) denote the
corresponding sheaf cohomology spaces.

With this framework in place, Harder showed in the case of groups of rank one
(cf. [Har73]) that one can construct the “cohomology at infinity”, i.e., a subspace
of H*(I'\ X, E) isomorphic to the image of the natural restriction map

H*('\X, E) = H*(0(T\X), E),
by means of Eisenstein series, hence by a special type of automorphic forms.
The “cohomology at infinity” forms a natural complement within H*(I'\ X, E)
to the kernel of the above restriction map, which is itself the cohomology of a
space of square-integrable automorphic forms. Therefore, all cohomology classes
in H*(I'\X, E) are representable by automorphic forms.

In the early 90s, J. Franke finally proved in [Fra98] that such an identification of
H*(T\ X, E) with a subspace of the cohomology of the space of automorphic forms
can also be given for an arbitrary connected, reductive algebraic group G. In order
to use automorphic forms most effectively, it turns out that it is useful to translate
the above picture into the setting of representation theory over groups of adelic
points of G. To this end, let A be the ring of adeles of £, Ay the finite adeles, and
goo the Lie algebra of G. Let A be the space of automorphic forms on G(A);
that is, the space of smooth functions of moderate growth on G(A) that are left
invariant for G(k) and Ag(R)®, finite for the action of a fixed maximal compact
subgroup of G(A), and annihilated by an ideal of finite codimension in the center
of the universal enveloping algebra of the complexification of g, (cf. [BJ]). It is a

(o0s Koo, G(Ay))-module, and its relative Lie algebra cohomology with respect to
E is a G(Ay)-module

HYG,E) := H(goo, Koo, AQ E)

called the automorphic cohomology of G/k with respect to E.

As shown in [Fra98], every automorphic form on G can be obtained as the sum
of principal values of derivatives of the Eisenstein series attached to a cuspidal or
residual representation of a Levi factor of a parabolic k-subgroup of G. Since every
residual automorphic representation of a Levi factor is obtained as a residue of a
cuspidal Eisenstein series attached to a cuspidal automorphic representation 7 of a
Levi factor L of another parabolic k-subgroup P of G, we may consider the cuspidal
support of an automorphic form. Here we allow the case P = G which gives the
cuspidal automorphic forms. Having fixed an ideal J of finite codimension inside
the center of the universal enveloping algebra of goo ¢ = goo ®r C, let Az be the
space of those automorphic forms annihilated by some power of 7. The discussion
above gives rise to a direct sum decomposition of A7 into

As =P As(P)=EPEP As(P.y)
{P} {P} @
along the associate classes of parabolic k-subgroups {P} and the various cuspidal
supports . For a precise definition of the spaces A7 (P, ) see [FS], Section 1. The
main tool used to establish this important result is a certain kind of filtration of
A, introduced by Franke in [Fra98|. If A”}(P) denotes the m-th filtration step of

the summand Az (P), he showed that each consecutive quotient A} (P)/ A?H(P)
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can be described in terms of induced representations from the discrete spectrum of
the Levi subgroups containing the one of the given P. More precisely, Franke in
fact proved in [Fra98] that each consecutive quotient as above is spanned by main
values of the derivatives of cuspidal and residual Eisenstein series.

If we choose J to be the ideal annihilating the dual representation of E, this
moreover induces a decomposition of automorphic cohomology

HYG,E) = P EP H (90, Koo, Az (P, ) ® E).

{P} ¢

As A7 (G) is the space of cuspidal automorphic forms in A 7, one calls H(goo, Koo
A7(G)® E) the space of cuspidal cohomology. Tts natural complement in the above
decomposition,

H%zs G E @ @H g(anOOwAj( ) )
{P}#{G} ¢

is called Eisenstein cohomology. Finally, it is a consequence of Franke’s aforemen-
tioned theorem that taking an appropriate open compact subgroup C; of G(Ay),
the cohomology of I'\ X appears as a direct summand in the C ¢-invariant points of
H9(G, E). This phenomenon can be rephrased by saying that regarding H4(G, E),
one considers the cohomology of all congruence subgroups at the same time. More-
over, this proves that the cohomology of an arithmetic congruence subgroup I
of a connected, reductive algebraic k-group G is isomorphic to a subspace of the
cohomology of the space of automorphic forms.

The contents of this article. In this paper we study the Eisenstein cohomology
of the k-split symplectic group G = Spy/k of k-rank 2, where k is a totally real
number field. We rely on:

(a) the treatment of the case Spy over Q done by Schwermer in [Sch86] and
[Sch95]; in particular, the points of evaluation of the Eisenstein series that
may possibly give non—trivial cohomology classes are given in that work,

(b) the description of the residual spectrum of Sps over an arbitrary number
field given by Kim in [Kiml,

(c) the filtration of the spaces A7 (P) used by Franke in the proof of his result
in [Fra98].

In the first part of this article we summarize the notation and conventions used in
the paper and we give the necessary theoretical background concerning automorphic
forms, Eisenstein series and the above-mentioned decomposition along the cuspidal
support for the case Spy/k. Following Harder’s idea for GLy/k (see [Har87], Sect.
2.8), we also prove that there is no Eisenstein cohomology supported in the Borel
subgroup unless the highest weight of the algebraic E has repeating coordinates in
the various field embeddings o : k < C (cf. Proposition 2]), whence we take this
as a standing assumption.

We then recall the Franke filtration and make it concrete for the case of Spy/k.
As already mentioned, the evaluation points we must consider are the same as those
in [Sch86] and [Sch95], where the case Sps over Q is treated. The residual spectrum
of Spy over k, described in [Kiml, is the starting point of the filtration. This finally
leads to an explicit description from the representation theoretic point of view of
the consecutive quotients A% (P,¢)/ A7+ (P, ¢) and the length of the filtration in
dependence of the parabolic P and the cuspidal support ¢ in question, which is the
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content of our Theorems [3.3] and As a next step, we calculate the cohomology
of all the consecutive quotients of the filtration A (P, ¢)/ A?H(P, ) with respect
to an arbitrary coefficient system E (cf. Propositions £2- LG). In particular, we
explicitly describe the G(A)-module structure of these cohomology spaces. This
completes the preparatory work we need.

The second part of this article contains the main results of this paper. By ana-
lyzing the long exact sequences in cohomology defined by the short exact sequences
coming from forming the filtration quotients A (P, ¢)/ A?‘H(P, ¥), we can almost
fully determine the summands H?(goo, Koo, A7 (P, ) ® E) in the Eisenstein coho-
mology of GG indexed by a proper standard parabolic k-subgroup P and a cuspidal
support ¢. The main theorems are Theorem [B.] (dealing with the maximal par-
abolic case) and Theorem [5.4] (describing the minimal parabolic case). Necessary
and sufficient conditions for the existence of Eisenstein cohomology classes repre-
sentable by residues of Eisenstein series are given in our Corollaries and for
the case of a maximal and minimal parabolic subgroup, respectively. In particu-
lar, we would like to draw the reader’s attention to Corollary [(.6] which says that,
under a compatibility condition on the highest weight of the coefficient module
FE and the cuspidal support, there exist non—trivial Eisenstein cohomology classes
which can be represented by non—square integrable residues of Eisenstein series at-
tached to the minimal parabolic subgroup. The compatibility condition says that
a certain filtration step in the Franke filtration is non-trivial. These residues are
themselves obtained from poles of order one, i.e., of non—maximal order, of some
Eisenstein series whose cuspidal support is a character of the minimal parabolic
subgroup of a certain special form depending on E. As Harder pointed out to the
second-named author, he constructed classes of this internal nature for GL,,. For
symplectic groups, however, according to our knowledge, classes of this type have
not yet been found whence we think of this result as one of the interesting new
features compared to existing literature on this subject (cf. [Sch95] for Sps over
k = Q or [Har93]).

Finally, we analyze the case of the trivial representation more closely. As we do
so, we obtain an improvement of Borel’s result on the injectivity and bijectivity
of the Borel map J? in the case Spy/k (cf. Section [A), where k is a totally real
number field of degree n over Q. His general theorem implies for our case that J?
is injective for all degrees ¢ < n—1 and an isomorphism for ¢ = 0,1. Our Corollary
improves these bounds. Namely, J? is injective (at least) up to degree 3n, and
it is an isomorphism up to degree 2n — 1. However, as the referee pointed out,
this result also follows from the results regarding the Borel map obtained in the
diploma thesis [KR] of Kewenig and Rieband. In their thesis they study the Borel
map following the approach of Franke in [Fra08] and describe explicitly the kernel
of J* in the case of the symplectic group of arbitrary rank over any number field.
Their result in our case implies that the image of the Borel map is non—trivial in
higher degrees than in our Corollary Since we were not aware of this thesis
while writing this paper, and as it is still unpublished, we follow a suggestion of the
referee to include a summary of their result made explicit in our case.

1. NOTATION

1.1. Number field. Let k be a totally real number field with n archimedean places,
k, its completion at the place v, and A = A, its ring of adeéles. Let S, be the set
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of archimedean (i.e., real) places and Sy the set of non-archimedean places of k.
Let Ay be the finite adeéles.

1.2. Symplectic group of rank two and parabolic data. Let G = Spy/k be
the simple k-split algebraic k-group of k-rank two and Cartan type C,. Let Py be a
fixed Borel subgroup of G/k. It is a minimal parabolic k-subgroup of G with Levi
subgroup Ly and unipotent radical Ny. We assume that Lg is realized as the group
of diagonal matrices diag(as,az,ay’, ay").

Now, define for t = diag(a1,as,a; ", a5 ") as usual e;(t) = a;. We may assume
that Ap = {a1 = e1 — ea, a9 = 2es} is the set of simple k-roots of G with respect
to Lg corresponding to our choice of Py, and \I/;l' ={ay, a2, a3 = €1 +e2,a4 = 2¢1}
is the set of positive k-roots.

Let P; = L;N;, i = 1,2, be the (maximal) parabolic k-subgroup corresponding
to the root «;, meaning that «; is the only simple k-root of G vanishing identically
on the maximal central k-split torus A; of L;, ¢ = 1,2. Hence, L1 =& GLo and
Lo =2 GLy x SLy and A;, i = 1,2, is isomorphic to GL1 /k, realized in the following
way: A; consists of diagonal matrices diag(a,a,a™',a™!), while Ay consists of
diagonal matrices diag(a,1,a=t,1). For sake of uniformness of notation, we will
also write Ay for a maximal k-split central torus in Ly.

For a k-algebraic group, let X*(H) (resp. X.(H)) denote the group of k-rational
characters (resp. co-characters) of H. We set ap, = X*(L;) ®z R and ap, =
X.(L;) ®z R. For i = 1,2, the inclusion A; < Ay defines inclusions ap, < ap,
and ap, — dp, and therefore decompositions ap, = ap, B aégi and dp, = dp, ® Eléj'i.
We will also use agj to denote the intersection of ap, and aOPj in ap, and use the

. P
analogous notation dp’.

Having fixed positivity on the set of roots defines open positive chambers EJ.;I_

with closures denoted by d_j.fi. The cone dual to the positive Weyl chamber d;i is
denoted by *tap, and its closure *ap,.
We write A(P;, A;) for the set of weights with respect to A; of the adjoint action

of P; on N;. As usual, we denote pp, as the half sum of these weights. In particular,
the half sum of positive roots p is then p = pg = pp,.

1.3. Weyl group. Let w; be the simple reflection with respect to a; and wy with
respect to as. Then the k-Weyl group of G with respect to T is

W =W, = {id, w1, wa, wiwa, Wowr, W1 WaW1, Walh Wa, W1 WaW1 W2 }.

The absolute Weyl group W of G(k ® C) is then the direct product of n copies
of W. We will also need the set of Kostant representatives for P;: If i = 1,2 it is
defined as W = {w € W|w~(a;) > 0}, and for i = 0 we simply have W = .
Note that W = {id, wo, wow, wowyws} and W2 = {id, w1, wyws, wywows }.

1.4. Lie subgroups and Lie algebras. Fix a maximal compact subgroup K =
[[, Ko = Koo Ky of G(A) in good position with respect to Py. Denote by Ry /q(.)
the restriction of scalars from k to Q. As usual, we write Ho, = Ry /q(H)(R) for
the product [[,cq H(R) of the groups of real points of an algebraic k-group H.
Then G = Spa(R)"™ and K, is a maximal compact subgroup of the semi-simple
Lie group Gs. It is isomorphic to the product of n copies of U(2). If @ is any
Lie subgroup of G, we write the same but fractional letter (i.e., q) for its real Lie
algebra and qc = q®grC for its complexification. In particular, in this notation, ap,,
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i =0, 1,2, is isomorphic to the Lie algebra of A;(R) = A;(k,) for every archimedean
place v € Si and ap, ¢ is its complexification. We will sometimes also write ap, »
to stress at which place v € S, identified with the corresponding field embedding
ok — C, we look at. Furthermore, ap, is in a natural way isomorphic to the dual
space of ap,. As A;(R)° can be diagonally embedded into L; o, and G, we can also
view ap, (resp. ap,) as being diagonally embedded into the Lie algebras [; o and
oo (resp. their dual spaces). In this setup, if we write M; o0 = (1, cx(1,) ker(|x|),
then we can decompose the Levi factors L; oo = M; 0 Ai(R)°, i =0,1,2. Back to
the case of a general Lie subgroup @ of G, we write Z(q) for the center of the
universal enveloping algebra U(qc) and K¢ for the intersection Ko, N Q.

1.5. Coefficient system. Throughout the paper E = E, denotes an irreducible,
finite—dimensional representation of GG, on a complex vector space determined by
its highest weight A. We can write A = ((A1)s, (A2)s)s, where o runs through the
set of field embeddings k¥ — R and (A;), denotes the coordinate with respect to
the functional e; viewed on the copy of ap, c corresponding to o. We abbreviate
As = (A1), (A2)s) (so that A = (A,)s). The highest weight, being algebraically
integral and dominant, implies that (A1),, (A2)s € Z and (A1), > (A2)s > 0. We
will always assume that E is the complexification of an algebraic representation
of G/k. Furthermore, we will assume that the coordinates of A are repeating in
the field embeddings, i.e., A, = A, for all field embeddings o, 7. This will turn
out to be no restriction (cf. Proposition 2.)), since for all coefficient systems E
with a highest weight having non-repeating coordinates, the space of Eisenstein
cohomology supported in the Borel subgroup necessarily vanishes.

2. AUTOMORPHIC FORMS AND EISENSTEIN COHOMOLOGY

This section recalls the decomposition of the space of automorphic forms along
the cuspidal support, and the corresponding decomposition in cohomology. Al-
though this is well known, it is included here in order to fix the notation. We will
also prove that Eisenstein cohomology supported in the Borel subgroup is trivial,
unless the coordinates of A are repeating in the field embeddings o : k — C.

2.1. Automorphic forms. Let A4 be the space of automorphic forms on G(A).
Recall that a smooth complex function on G(A) is an automorphic form if it is left
G(k)-invariant, K-finite, annihilated by an ideal of finite codimension in Z(g),
and of moderate growth; cf. [BJ]. Thus, automorphic forms in A may be viewed as
functions on G(k)\G(A).

As we are only interested in automorphic forms which have non-trivial (geo, Koo )-
cohomology with respect to the coefficient system F, we take J to be the ideal of
finite codimension in Z(g.,) annihilating the dual representation E. Then, we de-
fine A7 to be the subspace of A consisting of automorphic forms annihilated by
some power of J. It is a (goo, Koo; G(Ay))-module. Only such automorphic forms
may represent a non—trivial cohomology class with respect to F; cf. [ES, Rem. 3.4].

2.2. Induced representations. Let II be an automorphic representation of the
Levi factor L;(A) of a standard proper parabolic k-subgroup P;, where i = 0,1, 2,
such that the vector space of II is the space of smooth K-finite functions in an
irreducible constituent of the discrete spectrum of L;(A). Observe that here we use
a standard convention: we say that II is an automorphic representation of L;(A),
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although it is not a representation of L;(A) at all, but only an (I; oo, K1, _; Li(Ayf))-
module.
Let A € ap, c. Then A gives rise to a character of L;(A) by

I — exp(\, Hp, (1)),

where Hp, : G(A) — ap, is the standard height function on G(A) (cf., e.g., [Frad8|
p. 185]). Then we define
LTI = Ind3 ) (T @ exp(A, Hp, (4))),

where the induction is normalized in such a way that it preserves unitarizability.

Let Wy denote the space of smooth K-finite functions on L;(k)N;(A)\G(A) such
that for any g € G(A) the function f,(I) = f(lg) of I € L;(A) belongs to the space
of II. Note that every irreducible constituent of the discrete spectrum of L;(A)
appears with multiplicity one (see [JL|] for ¢ = 1 and [Ram] for ¢ = 2). Then, the
space of the induced representation I;(\,II) may be identified with the space of
functions of the form

g falg) = f(g) exp(A+ pp,, Hp,(9)),

where f ranges over all functions in Wry.

The tensor product Wi @ S(ap, ¢) of Wi with the symmetric algebra of dp, ¢
can be endowed with the structure of a (goo, Koo; G(Ay))-module as in [Frad8|
p. 218 and p. 234] and [LS| p. 155]. Since we are just working with the normalized
parabolic induction instead of Wiy, this gives rise to a (goo, Koo; G(Af))-module
structure on

L;(A\ 1) @ S(ap,c)
for a given \.

Finally, since I;(\,II) decomposes into a restricted tensor product of local in-
duced representations, we have

where Il and 1I; are the infinite and finite part of II, respectively,
001 Koo
LA Toe) = Ind(f 75 ) (oo @ expog (A Hr, (1)),

G(A
L\ D) = Inde(Af;) (I @ exp (A, Hp, ()
and the induction is normalized.

2.3. Eisenstein series. Let II be a discrete spectrum representation of L;(A) as
above. Let f be a function in Wiy and, for any A € ap, ¢ let f\ be the function in
the space of I;(\,II) attached to f as above. Then we define the Eisenstein series,
at least formally, as

E(g.,)= Y. hOae= Y,  fQ9ep\+pp, He(19).

YEP; (K)\G (k) YEP; (K)\G (k)
The series converges absolutely and locally uniformly in g for A sufficiently regular
(i.e. deep enough in the positive Weyl chamber defined by P). It can be analytically
continued to a meromorphic function on all of ap, c. Away from its poles it defines
an automorphic form on G(A). For a proof of these facts, see Lemma 4.1 and
Lemma 6.1 in [Lan] or Section II.1.5, Section IV.1.8, Section IV.3 and Section IV.4
in [MW].
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2.4. Decomposition along the cuspidal support. There is a decomposition
of the space of automorphic forms along their cuspidal support which induces a
decomposition of Az; cf. [ES] Sect. 1], [MW], Thm. II1.2.6]. We denote by {P} the
associate class of parabolic k-subgroups of G represented by a parabolic k-subgroup
P of G. In our case, there are four such classes represented by Py, P, P>, G. As a
first step, one has a (goo, Koo; G(A¢))-module decomposition

Az = A7 (Po) ® Az (P1) ® Az () ® Az (G),

where for an associate class of parabolic k-subgroups represented by P the space
A (P) consists of automorphic forms in .A 7 which are negligible along all parabolic
k-subgroups not belonging to { P}. Here negligible along a parabolic k-subgroup Q
means that the constant term along @ is orthogonal to the space of cuspidal auto-
morphic forms on the Levi factor of Q. Observe that A 7(G) is the space of cuspidal
automorphic forms in .4 7, and since we are interested in the Eisenstein cohomology
(see Section [{)), we concentrate on the remaining three subspaces corresponding to
classes of proper parabolic k-subgroups.

For the second step in the decomposition, let ¢ = (¢p)peqp,} be the associate
class of unitary cuspidal automorphic representations of the Levi factors Lp(A) of
parabolic k-subgroups P € {P;}, trivial on the diagonally embedded group Ap(R)°,
and satisfying conditions listed in [FS] Sect. 1.2]. The set of all such ¢ for a class
{P;} is denoted by ®;. Then there is a (goo, Koo; G(Ay))-module decomposition

Az(P) = @B As(Pi,¢),

peD;

where A7 (P;, ) is defined as follows. The conditions listed in [F'S] Sect. 1.2] ensure
that the associate class ¢ € ®; is obtained by conjugating a single unitary cuspidal
automorphic representation 7 of L;(A) and that the infinitesimal character of its
archimedean component is related in a certain way to the infinitesimal character of
E. Then the space Az (P;, ¢) may be defined in two equivalent ways; cf. [FS] Sect.
1]. Roughly speaking, it is spanned by all residues and main values of the derivatives
of the Eisenstein series attached to 7 at certain values of its complex parameter.
The condition on the infinitesimal character of the archimedean component of 7
ensures that the automorphic forms so obtained are indeed annihilated by a power

of J.

2.5. Eisenstein cohomology. The cohomology of a congruence subgroup of G,
with respect to a finite-dimensional representation E, may be interpreted in terms
of its automorphic spectrum. Passing to the inductive limit over all congruence
subgroups, its study is reduced to the study of automorphic cohomology H*(G, E)
of G with respect to E. It is defined as the relative Lie algebra cohomology of the
space of smooth left G(k)-invariant functions on G(A) with values in E. However,
Borel proved in [Bor83| that it suffices to consider the subspace consisting of Koo-
finite functions of uniform moderate growth. Finally, using his filtration, Franke
proved that in fact even

H*(G,E) > H*(goo, Koo, A7 @ E).
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The decomposition of the space A ;s of automorphic forms along their cuspidal
support gives rise to the decomposition

H*(G,E)= @ H* (g0 Koo, A7(P) @ E)
{P}ecC

in the cohomology, where the sum ranges over the associate classes { P} of parabolic
k-subgroups of G. The cohomology space corresponding to the associate class
{G} is called the cuspidal cohomology, since A7 (G) is the subspace of cuspidal
automorphic forms in .4 7. The remaining part in the decomposition is called the
Eisenstein cohomology. Thus,

2

Hpo (G, E) = @ @ H* (8900, Koo, A7 (Pi, 0) ® E).
i=0 pe®;

In this paper we describe H},, (G, E) by determining the summands in this decom-
position.

2.6. Repeating coordinates. We will now justify why we assume that the high-
est weight A of E has repeating coordinates in the field embeddings o : k — C.
Otherwise, H*(goo, Koo; A7 (Py)® FE) vanishes. With this assumption, the infinites-
imal character of a m € pp has repeating coordinates, too. Hence, slightly abusing
notation we will consider this infinitesimal character as an element in a;* which is
diagonally embedded in g, although strictly speaking it is a sum of n copies of
such an element.

Proposition 2.1. Let E be an irreducible, finite-dimensional complex representa-
tion of Goo of highest weight A = (Ay)e = ((A1)o, (A2)s)o, where o ranges over
all field embeddings k — C. Assume that E is the complexification of a k-rational
representation of G/k. If A does not have repeating coordinates, i.e. A, = A, for
all field embeddings o,7 : k — C, then H*(goo, Koo, A7 (Po) ® E) = 0.

Proof. We start off more generally. Assume only Hj, (G,E) # 0. By the last
section there is hence a proper standard parabolic k-subgroup P = P;, i € {0, 1,2},
of G and cuspidal support ¢ € ®; such that

H*(go0; Koo, A7 (P, ) @ E) # 0.

Hence, there is a unitary cuspidal automorphic representation 7 € ¢p of Lp(A)
and a point A € dpc such that H*(geo, Koo, Ip(A, ) @ S(apc) ® E) # 0. Applying
Frobenius reciprocity and [BWL IIT Thm. 3.3] shows that for all o : k < C there
exists a w, € WF such that me ®Cxypp has non-trivial (Ip o, K1, )-cohomology
with respect to S(apc) ® @, Fu,. Here, Cy4,, denotes the one-dimensional com-
plex representation of ap < [p. on which a € ap acts by multiplication by
(A + pp)(a) and F,,, is the irreducible finite-dimensional representation of Lp(R)
of highest weight w, (A, + p) — p. Recall that this makes sense since p has repeating
coordinates. Hence the Kiinneth rule implies that necessarily

(2.6.1) H*(ap oo, Tag,  ® ® Coo(hotp)=plap, ©Crtpp ® S(apc)) # 0.
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Observe that, Ap being abelian and 7 a cuspidal representation, m|4e, =
X|ag, _ for a unitary character X : Ap(k)Ap(R)°\Ap(A) — C. Hence, the non-
vanishing of (Z6.)) implies that

~71 o
X |A?3‘oo - ® (Cwa(Azr""P)_p‘uP,a_%(Eg wa(Atr""p)_P‘apyg)
o

and .
A= o ng(l\g + P)|up,a = _prhoc%up((wcr(Aa +p))o)-

Observe furthermore that since E is the complexification of a k-rational repre-
sentation of G/k, H*(npo, E) = @.,— (), e(wryn @, Fu, is the complexification
of a k-rational representation of Lp/k. In particular, @, Cy (A, +p) is the
complexification of a rational character of Ap/k. This shows that there is a k-
rational, (possibly non-unitary) continuous character x : Ap(k)\Ap(A) — C which
equals ¥ modulo Ap(R)°® and which satisfies that the differential of its restriction
to the diagonally embedded group Ap(R)® is A + pp. Let Eo(Ap) be the group of
units in Ap(k), i.e. of those elements which are in the maximal compact subgroup
at all places. Then the same arguments as in [Har87, Sect. 2.5.5] show that ¥,
being k-rational and continuous, must be trivial on the connected component of
the Zariski closure of Fo(Ap). Indeed, every such character has to vanish on some
suitable open compact subgroup Cy C Ap(Ay), whence it is trivial on

E4(Cy) = Ap(k) N Ap(R)° N Cy.

Here, we think of Ap(k) as being diagonally embedded in all of Ap(A). By its
k-rationality, x also vanishes on the Zariski closure of E(Cy). Further, E,(Cy)
is a subgroup of Fy(Ap) of finite index. Since every such subgroup is necessarily a
congruence subgroup, see [Chel, Thm. 1], x must even be trivial on the connected

7P“‘P,(r

component of the Zariski closure Ey(Ap) of Eg(Ap), as claimed. However, as k is
totally real, Eo(Ap) fits into the following exact sequence:

1— Eo(Ap) — Rk/Q(Ap) — AP/Q —1

(see [Har87, Sect.2.8] and [Ser89, Chp. II 3.1-3.3]), implying that y,! = y;! for
all field embeddings o, 7. In particular, ws,(As + p)|ap, = Wr(Ar + p)ap,. forall o
and 7. Now, if P = P, this is only possible if w, = w, and hence only if Ay = A,
i.e., if the highest weight of F has repeating coordinates. (]

3. THE FRANKE FILTRATION

We briefly recall the filtration of the space of adelic automorphic forms obtained
by Franke in [Fra98l Sect. 6], and its refinement along the cuspidal support by
Franke and Schwermer [ES, Sect. 1]. The filtration is valid for any reductive
group defined over k, but we write it for G = Sps/k. In that case we give a
precise description of the quotients of consecutive filtration steps in terms of induced
representations.

3.1. Filtration along the cuspidal support. In [Frad8, Sect. 6], Franke defines
a finite descending filtration of the spaces A7 (P;) such that the consecutive quo-
tients of the filtration are described as certain induced representations from the
discrete spectrum on the Levi factors of parabolic k-subgroups containing P;. His
filtration depends on a choice of a function T' defined on a finite subset of ay with
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values in Z. Thus, the filtration steps are indexed by integers, although there are
only finitely many non—trivial quotients of consecutive filtration steps.

Let A'Z(P;) denote the filtration step corresponding to m € Z. Then, as in
[ES, Sect. 5.2], where the case of a maximal proper parabolic subgroup of GL,
was considered, one can define the filtration of each summand A (P;, ) in the
decomposition of Az (P;) by

Al () = AZ(P;) N Az (P, ¢).

Then, A}"(¢p) consists of those automorphic forms in the filtration step A%Z(F;),
which are obtained as residues and main values of derivatives of Eisenstein series
attached to 7 € pp,.

In the rest of this section we explain, following [Fra9d8, Sect. 5.2 and Sect. 6],
how to describe the quotients of the filtration of A7 (P;, ). The description in
our case given below does not hold in general. Here we substantially use the fact
that J annihilates a finite-dimensional representation and that we have fixed the
cuspidal support ¢, and thus obtain a bit simpler description than the general case
in [Era9g].

Since the dual representation E of F has highest weight —Wiong,c(A) = A, where
Wiong,¢ = W1wawiws is the longest Weyl group element, its infinitesimal character
is given by A + po. Hence, the annihilator J in Z(g) of E annihilates precisely
the Weyl group orbit of A + pg = (A1 + 2, Ay + 1), where the coordinates are with
respect to the basis {eq, ea} of dg.

3.2. Case of minimal parabolic subgroup. We consider first the associate class
{Po} of the fixed minimal parabolic k-subgroup Fy. Let ¢ = (¢p)pe(p,} be an
associate class of cuspidal automorphic representations of the Levi factors of the
parabolic k-subgroups in {FPp}. Let u1 ® po € pp, be a unitary character of Ly(A),
trivial on Lg(k), where uq and po are unitary characters of k*\A*.

We begin with the following lemma which singles out the possible infinitesimal
characters of a discrete spectrum representation of the Levi factor and evaluation
points for the corresponding FEisenstein series occurring in the description of the
filtration of A7 (Py). Since A has repeating coordinates as well as the evaluation
point, it follows that the possible infinitesimal characters have repeating coordinates
as well. As mentioned earlier, we consider them as elements of dOP

Lemma 3.1. Let A = (A1, As) be the highest weight of E and J be the ideal
annihilating the dual of E. All possible infinitesimal characters v € akt of the
infinite component of the discrete spectrum automorphic representation of the Levi
factor Lr(A) of a standard parabolic k-subgroup R supported in jy @ la € @p,,
and the evaluation points A € g for the corresponding Fisenstein series, such that
v+ A is annihilated by J, are given as follows.

For Py we have v =0, and X is any element of the Weyl group orbit of A+ pg.
For P, we have either

3+AL+Ay 3+HA+A 1+A—Ay 14+A;—As
A==+ and v = —

2 ’ 2 2 ’ 2
or
1+A1—Ay 14+A;—Ay 3+A+Ay 3FAIHA
A=+ 5 , 5 and v = 5 ,— 5 .
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For Py we have either
A==£(24+A1,0) and v=(0,1+As)

or
A=£(1+4+A2,0) and v=(0,2+A).
For G we have A\ =0, and v is the Weyl group orbit of A + pg.

Proof. This is a direct calculation already contained in [Sch86]. It exploits the
fact that J annihilates the Weyl group orbit of A + pg, and thus x and £ are just
projections of an element in that orbit to EL(IJD' * and dp,, respectively. |

Since the quotients of the filtration are described using (residual) Eisenstein

series evaluated at A € d;, we need the following result regarding the analytic
behavior of the Eisenstein series for Sps(A). Kim in [Kim| Sect. 5] studied these
Eisenstein series. We state here only the part of his results which we require in the
sequel.

Proposition 3.2 (Kim, [Kim]). The space A7(Py, ) contains no irreducible con-
stituent of the discrete spectrum of G(A) unless A = 0 and the trivial character of
Lo(A) belongs to pp,. If A =0 and the trivial character of Lo(A) belongs to ¢p,,
then the only constituent of the discrete series of G(A) belonging to A7 (Po, ) is
one dimensional and isomorphic to the trivial representation of G(A), i.e. consists
of constant functions on G(A).

The following theorem gives the Franke filtration in the case we consider. How-
ever, it depends on the choice of an integer—valued function T defined on a finite
subset S of ag with the property

T(\) < T(Xo)if Ay # A and Ay € \; — Fag

for all A1, Ao € Gg. If A7 and Aq satisfy the above condition either for T'(A\1) < T'(\2)
or T'(A2) < T'(A\1), we say that they are comparable; otherwise we say that they are
incomparable. The subset S consists of natural embeddings of those A obtained
in Lemma [3.I] which satisfy A\ € ﬁjSi. However, if a particular cuspidal support is
fixed, not all elements of S 7 play a role. Hence, in order to obtain the filtration of
A7 (P, ), we fix a choice of T depending on ¢ in the course of the proof.

Theorem 3.3. Let {Py} be the associate class of a minimal parabolic k-subgroup,
and let ¢ € Oy be the associate class of the character p; ® g of Lo(A), where
and po are unitary characters of k*\A*. The filtration of A7 (Py, ), with respect
to the function T appropriately chosen during the course of the proof, has at most
three non—trivial filtration steps

Ag(Po, ) = Ap(®) D As(p) D Aj(w),
where A3(p) is non—trivial if and only if Ay = Ay = 0 and py = s = 1, where 1 is
the trivial character of A*, while A§(p) is non—trivial if and only if

o Ay = Ay and py = po
e or Ao =0 and pg = 1.

If A%(¢) is non-trivial, it is one dimensional and isomorphic as a (goo, Koo; G(Af))-
module to

A(z)(sp) = 1G(A)7
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where 14 is the trivial character of G(A), i.e A3() consists of constant functions
on G(A). If Aj(p) is non—trivial, then the quotient Aj(¢)/A2(y) is isomorphic to

Il(%—I—A,MOdet)@S(aphc),
A=A =As and = p1 = pa, but A#0 or u # 1,
1 2 vo ) DRHALE®Lg,4)) ®S(ap, ),
Ao(p)/Ao(p) = if Ao =0 and us =1, but Ay #0 or g # 1,
L(3, podet) ® S(ap,c) @ 12(2, 1 ® Lsr,(a)) © S(ap, c),
ifAleQZO and/ﬂ:ﬂg:l

as @ (goo, Koo; G(Ay))-module, where in the first case A denotes the integer Ay =
Ao, pi denotes the character iy = po, and 1gr,(a) is the trivial character of SLa(A).
Finally, the quotient A)(p)/Ab(yp) is isomorphic to

A () A (@) = Io(A + po, 1 @ pi2) @ S(ap,.c)
as @ (Goos Koo; G(Ay))-module for any A and p1 ® ps.

Proof. We closely follow [Fra98| Sect. 6], adjusted to the considered situation. As in
[Erad8l p. 233], taking into account the cuspidal support, consider the set M (P, )
of quadruples (R, II, v, \), such that:

e R = LirNpg is a standard parabolic k-subgroup of G containing an element
of the associate class {Py}.

e II is a discrete spectrum representation of Lr(A) with cuspidal support
{1 ® o obtained as the iterated residue at the value v € alt of the Eisenstein
series on Lr(A) attached to p; ® pa.

e )€ EJ.E is such that A + v is annihilated by J.
Observe that the possible pairs (A, v) are - given in Lemma B1l where one should

take into account only the cases with A € d}.

For m € Z let M™(Py, @) be the subset of M (P, ) consisting of those quadru-
ples for which T(A) = m, where A is viewed as an element in ay via the natural
embedding. Then, by [Fra98, Thm. 14], the quotient

(3.2.1) AL (9) /AT () = D I\ @ S(ar,c)-

(R,ILv,\)eM™(Po,p)

Observe at this point that the direct sum on the right hand side is obtained due to
the fact that J annihilates a finite—dimensional representation, and thus it annihi-
lates a Weyl group orbit not intersecting the boundary of the Weyl chambers in ag
(see [Fra98, Thm. 19]). We also introduce the notation Mg (P, ¢) and M7 (P, ¢)
for the set of all quadruples in M (Py, ¢) and M™(Py, ), respectively, with a certain
parabolic subgroup R as the first entry.

First consider the case R = G. Then always A = 0, and thus M@ (P, ¢) is trivial
except possibly for m = T(0). The residual representation IT of G(A) is obtained
as a residue of the Eisenstein series attached to p; ® po at v € g such that v is
annihilated by 7. By Proposition B2l the only possibility is that u; = us = 1
and A = 0. In that case v = (2,1) and I = 1¢(4). Thus we have determined the
quadruples in Mg(Py, ¢). Namely,

{G,1¢4),(2,1),0}, if m=T(0) and Ay =A>=0 and p1 =pz=1,
0

M (Po, ») _{ 7 otherwise.
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Let R = P;. Since II is a residual representation of Lr(A) = GLy(A), it is
isomorphic to IT & y o det. Hence, necessarily iy = po and v = (1/2,-1/2) € at*.
By Lemma [B] such v can be obtained only if A; = Ay and A = (3/2+A,3/2+A),
where we denote A = Ay = Ay. Thus, we have
if T(3+A,2+A) =m and

{(Pl,/lodet, (%77%)7(34’/\7%4’/\))}3 A1:A2:A and [ = o = [L,

Mlg; (P07 90) =
0, otherwise.

Similarly, for R = P,, we have that II is a residual representation of Lg(A) =
GL1(A) x SLy(A). However, the only residual representation of SLy(A) is the
trivial character 1gz,(a) of SLa(A). Thus, necessarily ps is the trivial character
and v = (0,1). By Lemma Bl such v is obtained only if A = 0, and then
A= (24 Aq,0) is the corresponding A. So in this case we have

if T(24+ Ay1,0) =m and
{(P27/’[/1®1SL2(A)7(071)’(2+A170))}’ A2i0 ané Mz =1

MITDZ (POa QO) =
0, otherwise.
Finally, if R = Py, then II = 1 ® po. Hence, v = 0 and A = (2 + Aq,1 + Ag).
Thus

{(P07/'[/1 ®,U/2507 (2+A1a1+A2))}) if T(2+A171 +A2) =m,

M7 (P, =
Py (Pos ) { 0, otherwise.

The description of M (Py, ) reveals that for a given A the values of a function
T are required only at a certain subset of S7. More precisely, Mp, (Po,¢) and
Mp, (P, ¢) may possibly be non—empty only for Ay = Ay = 0. Therefore, only in
that case does T'(\) for A coming from both cases matter. Note that in this case
the two A are incomparable. We define T(0) = 2 and T'(2 + A1,1 4+ Az) = 0, and
also

2 ’ 2
Although there exist Aq, A such that the last two points are comparable, as already
explained, both points matter only for A; = Ay = 0, and in that case they are
incomparable. Therefore, we may define 7" in this way.

Now the theorem follows. Namely, A2 () is non-trivial if and only if Mq(Py, ¢)
is non—trivial, which is if and only if the conditions given in the theorem are sat-
isfied. In that case the only summand in the decomposition ([B21]) is the trivial
representation of G(A).

The space A{(yp) is non-trivial if and only if at least one of Mp, (P, ) and
Mp,(Py, ) is non—-empty. Note that if Mg(Py,¢) is non-empty, then both
Mp,(Py, ), for i = 1,2, are non—empty. Hence, this filtration step is non—trivial
exactly if at least one of the two conditions given in the theorem is satisfied. Then
the decomposition of the quotient follows directly from (B2.1]).

Finally, A8(¢) is always non-trivial, and the decomposition of the quotient of
this filtration step is obtained from (B21). O

T<3—|—A1-|—A2 3+A1+A2) =T(2+A,0)=1.

3.3. Case of maximal parabolic subgroups. Let P, = L;N,;, for: = 1,2, be one
of the maximal proper standard parabolic k-subgroups. Let ¢ = (¢p)pcip,} € P;
be an associate class of cuspidal automorphic representations. Let m € ¢p,, and let
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X € EL(I;’ " be the infinitesimal character of its archimedean component, where EL(I;’ ‘s
diagonally embedded into g, oc-

The filtration of A7 (P;, ), for i = 1,2, depends on the analytic behavior of the
Eisenstein series attached to m € pp,. This was studied by Kim in [Kiml Sect. 3
and 4], and we recall the result for convenience of the reader.

Proposition 3.4 (Kim, [Kiml|). (1) In the case of the parabolic subgroup P,
the Fisenstein series E(g, fs), attached to a cuspidal automorphic repre-
sentation © of L1(A) = GLo(A), has a pole at s = v € d;Sl if and only
if v =(1/2,1/2), the central character of 7, is trivial and the principal L-
function L(1/2,7) # 0. The space spanned by the residues Ress—1/2E(g, fs)
is isomorphic to the unique irreducible quotient J1(1/2,7) of I1(1/2, ).

(2) In the case of the parabolic subgroup P,, the Fisenstein series E(g, fs),

~

attached to a cuspidal automorphic representation m = @ o of La(A) =
GL1(A)xSLy(A), has a pole at s = v € &}, if and only if v = (1,0), and the
Rankin—Selberg L-function L(s, X o) has a pole at s =1 (see [Kiml, p. 137]
for a more explicit formulation of this condition). The space spanned by
the residues Ress—1E(g, fs) is isomorphic to the unique irreducible quotient
Jo(1,7) of the induced representation I5(1,7).

Before proceeding we need the following technical lemma.

Lemma 3.5. Let A = (A1, As) be the highest weight of E and J be the ideal anni-
hilating the dual of E. Then the infinitesimal character x € Eléj'i of the archimedean
component of ™ € pp,, where ¢ = (pp)pep,y € Pi, and the corresponding & € ap,
such that £ + x is annihilated by J are given as follows. For P, we have either

g_i(3+A1+A2 3+A1+A2> and X_<1+A1—A2 _1+A1—A2>

2 ’ 2 2 ’ 2
or
1+A1—Ay 14+A—As 3+A1+Ay 3+A+A,
5::& 5 , 5 and X = 5 ,— 5 )

For Py we have either

E=%(2+A1,0) and x=(0,1+Ay)
or

E=+(1+A2,0) and x=(0,24Ay).

Observe that for each P; and a fixed cuspidal support @, at most one of the two
possibilities may occur.

Proof. Asin Lemmal[3.]] this is a direct calculation already contained in [Sch&86]. O

Theorem 3.6. Let the notation be as above. Let & € EJ.;I_ be such that &€ + x € a9
is annihilated by J. The filtration of A7 (P;, ) has at most two non—trivial steps

where the quotient is isomorphic to

Azl (‘P)/A%P) = Ii(§> 7T) ® S(upi,(c)
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as a (goos Koo; G(Ay))-module, and A?(p) is non-trivial if and only if

e in the case of P, we have Ay = Ay = A, the infinitesimal character
x =3 +A-3-A), £ =1(3,3), and there is a section f of the in-
duced representation I1(s, ) such that the Eisenstein series E(g, fs) has a
pole at s =€ = (3, 1),

e in the case of Py we have Ay = 0, the infinitesimal character x = (0,2+A1),
¢ = (1,0), and there is a section fs of the induced representation Is(s, )
such that the Eisenstein series E(g, fs) has a pole at s = & = (1,0).

If non—trivial, it is isomorphic to

A (p) = Ji(€,7)
as @ (goo, Koo; G(Af))-module.

Proof. This follows from [Fra98| Sect. 6], but we explain for the convenience of the
reader in some detail our case, although it is quite similar to the proof of Theorem
Similarly as in [Fra98| p. 233], but taking into account that we have fixed the
cuspidal support, consider the set M (P;, ) of quadruples (R, I, v, A), such that:

e R = LpNg is a standard parabolic k-subgroup of G containing an element
of the associate class {P;}, i.e. either R= P, or R =G.

e I is a discrete spectrum representation of Lr(A) with cuspidal support 7
obtained as the iterated residue at the value v € a} of the Eisenstein series
on Lr(A) attached to 7. If R = P;, then Il = 7 and v = 0. If R = G, then

IT is the residual representation of G(A) with support 7 and v € ﬁ;i is the
pole of the Eisenstein series attached to .
e )\ €}, is such that A + v + y is annihilated by J. If R = G, then \ = 0,
and thus v + x is annihilated by J. If R = P;, then A + x is annihilated
by J.
Observe that by the third condition £ = A+v and x form one of the pairs computed
in Lemma
For m € Z let M™(P;, ) be the subset of M (P;, @) consisting of those quadru-
ples for which T(A) = m, where A is viewed as an element in day via the natural
embedding. Then, by [Frad8, Thm. 14], the quotient

(3.3.1) AT () AT () = D IA I @ S(ar.c)-

(RILy,\)EM™ (P, p)

As in Theorem [B.3] the direct sum on the right hand side is obtained due to the fact
that J annihilates a finite-dimensional representation (see [Era98, Thm. 19]). We
also introduce the notation Mr(P;, ¢) and M5 (F;, @) for the set of all quadruples
in M(P;,¢) and M™(P;, ), respectively, with a parabolic subgroup R as the first
entry.

For R = G, we always have A = 0. Hence, MZ (P;, ) is empty except for m =
T(0). Moreover, II in a quadruple with R = G should be a residual representation
of G(A) supported in 7. By Proposition B4 if 7 satisfies certain conditions, then
the Eisenstein series attached to m has a pole for P; only at v = (1/2,1/2) with the
residue II 2 J; (v, ), and for Py at v = (1,0) with the residue IT 2 Jy(v, 7). Since
A =0, we have £ = v, and thus Lemma B0l shows that these £ can be achieved only
if A; = Ay for P; and Ay = 0 for P,. In both cases, Lemma [3.5] also gives a unique
infinitesimal character x such that v + x is annihilated by J. More precisely, for
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P=Pitis y = (A—f—%,—A—%), where A = Ay = Ay, and for P = P it is
X = (0,2 + Ay). Thus we have found all quadruples in Mg (P;, ). Namely,
itm=T(0) and Ay =As = A
” _ ) @ nA/2m),(5.5),0)},  andx=(A+35,-A—3)
Mg (Pryp) = and 7 is as in Prop. B4 (1),
0, otherwise,

while
if m=T(0) and Ay =0
m {(G, J2(1,7),(1,0),0)}, and x = (0,A1 +2)
Mg (P, ¢) = and 7 is as in Prop. B4 (2),
0, otherwise.

On the other hand, for R = P;, we have II = 7 and hence v = 0. Thus, in this
case £ = A and x form one of the pairs given in Lemma with the positive sign
taken for €. Thus A # 0, and for a given 7 and its infinitesimal character x there
is a unique A forming the quadruple (P;,m,0,\) € Mp,(P;,¢). Therefore, having
fixed the cuspidal support (and of course the highest weight A), we may choose a
function T such that T'()) is the same integer satisfying T'(A) < T(0) for all A # 0
appearing among the quadruples. Finally, the sets M (P;, ) are given as

if m=T(A) and X and the infinitesimal character
{(Pi77T>07)‘)}7 . . .
MP (P, ¢)= X form one of the pairs given in Lemma B35
0, otherwise.

It has no effect on the filtration if we assume that 7(0) = 2 and T'(\) = 1 for
A # 0. Then the only non—empty sets M™(P;, ¢) are

M'(P;, ) = Mp,(P;, ),
and possibly
M?(P;, ) = ME&(P;, ).
The second set is non—trivial if and only if the conditions for non-triviality of

AZ?(i) given in the theorem are satisfied. Therefore, the Franke description of the
quotients (B3] shows that

AJ(SD)/AZQ(QO) = Il(fv 7T) ® S(aPhC)’
where (P;,m,0,)) is the only element of M*(P;, ), and £ = ), as claimed, and if
A2() is non—trivial,
Ai(p) = J;(&, 1),

since the induction is from G(A) to itself, and da¢ is trivial. O
4. THE COHOMOLOGY OF FILTRATION QUOTIENTS
4.1. We shall now determine the cohomology of the various quotients

AT () AT (p)

of the filtration of A7 (P;, ), with m € Z and i = 0, 1,2, using their description
given in Theorems [3.3] and Therefore, observe that for each archimedean place
v of k we may write L;(k,) = L;(R) as a direct product L;(R) = 4;(R)° x L;(R)**
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of the connected component of the group of real points of a maximal central k-split
torus A;(R)° and the semi-simple part L;(R)*®, where

{£1} x {£1} = Fy x Fy, if i =0,
Li(R)** = { {#1} x SLy(R) = SLE(R), ifi=1,
{#1} x SLy(R) = Fy x SLy(R), ifi=2.

Recall that SL3(R) = {g € GLy(R)|det(g) = £1}, and Fy is the multiplica-
tive group of two elements. An irreducible representation of L;(R) may hence
be decomposed into a character of A;(R)° and an irreducible representation of
L;(R)**. In particular, a finite-dimensional, irreducible representation of L;(R) is
the product of a character of A;(R)° and a finite-dimensional representation of
L;(R)*. The latter one is either F°(a,b) := sgng ®sgnf if i = 0 or in the case
of i = 1,2, the representation Fg(a), i.e., the unique irreducible representation of
L;(R)** of dimension ¢ tensored by sgn®. Recall that the (—1)-element in L;(R)**
_01 (1)> if i = 1 and by (—1,id) if i = 2. In the special
case where ¢ = 1, we will also use the usual notation Fi(a) = sgngLi(R), resp.
F?(a) = sgng, = sgng @lgr,m)-

In what follows we need to know the cohomological, irreducible unitary represen-
tations of L;(R)** which is determined in the following lemma. Therefore recall that
for every integer 7 > 2, SLE(R) has one discrete series representation D, indexed
by its lowest O(2)-type r, while SLy(R) has two discrete series representations D,"
(resp. D, ) indexed by the lowest (resp. highest) SO(2)-type r (resp. —r).

Lemma 4.1. Let F°(a,b) and Fj(a), i = 1,2, be the finite-dimensional irreducible
representations of Lo(R)*® and L;(R)*®®, respectively, as defined above. Let T be any
irreducible unitary representations of L;(R)**, i =0,1,2.

(1=0)

is represented by (

e C, ifq=0 and T = F°a,b),
H(15 vKLo(R)“’T@FO(a’b)) { 0 (ﬁgerwise. 0
(t=1) If £ =1, then

ifq=0 and T = sgnngi(R),

C ifg=1 and 7 = Ds,

; — ~ a+1
ifq=2 and 7 = sgnSin(R)

Hq([ivaLﬂR)“aT X SgngLét(]R)) =

0, otherwise.
If £ > 1, then

s C, ifgq=1and 7= Dy,
a1 ,KLI(R)SS,T@)FZI(Q)) { faq 1

0, otherwise.
(t=2) Ift =1, then
if ¢ =0,2 and T = sgng, ,
if =1 and T = sgng, D5,
otherwise.

C
Hq([SS7KL2(R)SSaT®SgnI%2) = ’
0,

If £ > 1, then

C, ifq=1 and 7 = sgnj, ®Dét+1,

HI(1, K, m)ss, T ® Fi(a)) = { 0, otherwise.
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Proof. This follows from the Kiinneth rule and the well-known properties of the
cohomological unitary dual of SLE(R) and SLy(R); cf. [Sch83| pp. 118-122]. O

4.2. The first maximal parabolic subgroup. Let ¢ = (¢p)pc(p,y € P1 be
an associate class of unitary cuspidal automorphic representations and m € ¢p,
be a representative. Let x € EL(I)D ! be the infinitesimal character of its archimedean
component, where ﬁg ! is diagonally embedded into @y, and take £ € d;l such
that € + x € g is annihilated by 7. Which pairs of vectors £ and x satisfy this
latter condition is listed in Lemma B.5] but for the reader’s convenience we recall
that we must have

3+ A+ A 1+A - A
f=—"—""" and Y= —-—"—"=
2 2
or
1+A - A 3+ A1+ A
fzf and X= 5

In this section we determine the cohomology of the quotients
Al(@)/Al(p) and  Af(p),
using their explicit description in our Theorem We obtain

Proposition 4.2. Let E be an irreducible representation of Gso as in Section [L3],
so that its highest weight A = (A1 ,,M25)s has repeating coordinates in the field
embeddings o : k — C, and may hence be written as A = (A1, As). Then we obtain
as a G(Ay)-module

L& )™ if ss=D Vv € Se,
Hq(goo;Koo;A%(@)/A%(@)@E)g{Ol(g 7Tf) if |L1(1R) 2x+1 VU

otherwise,
where
(. q) = n—1 if 3+ A+ Ay
1\7™,q) = q_3n X = )
and
- n—1 . _1—|—A1—A2
milma) = (7)) i = TR

In particular, this space vanishes outside the degrees 3n < q < 4n — 1 in the first
case, and outside the degrees 4n < q < 5n — 1 in the second case.

If A3() is non—trivial, i.e., if Ay = Ao = A, € =%, x = 3 + A and 7 satisfies
that its central character is trivial and L(3,m) # 0, then

Ju (&)™ @ if m, = Dypiy Yo € Sog
q 2 ~ NG f + ’
H*(goc, Kooy Al(p) © E) = { 0 otherwise,

where

= j - o (5, 4), if q is even,
ma(q) = #{(r1,...,m)|r; € {2,4} and jz:;r] =q} = { 0 ! e

In particular, this cohomology vanishes if q is either odd or not in the range 2n <
q < 4n.
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Proof. We begin by calculating the (goo, Koo )-cohomology of Al(p)/A2(p). By
Theorem we get

H(goos Koo, At (9) /AL (0) D E) = H(goo, Koo, 1(€,7) @ S(ap, c) @ E)
= Hq(goovKOO’Il(gaWOO)®S(C[P1,C)®E)®I1(£3ﬂ—f),

where the fist space carries the trivial G(Af)-module structure. Therefore we only
need to show that

Hq(gocnKoouIl(guﬂ—oo) & S(aPl,(C) b E)

is of dimension my (7, q) if 7|z, (r)ss = Day41 for all archimedean places v and
vanishes otherwise. Now [BWL IIT Thm. 3.3], together with our Proposition 21
shows that there is a unique w € W' for all o : k < C such that the repre-
sentation 7o, ® Ceypp, has non-trivial (I, K1, ., )-cohomology with respect to
S(ap,c) ® @, Fu. Here, Cey,, denotes the one-dimensional complex represen-
tation of ap, < 1 o on which a € ap, acts by multiplication by (£ + pp,)(a) and
F,, is the irreducible finite-dimensional representation of Li(R) of highest weight
w(A + p) — p. Again by [BW] III Thm. 3.3] it is clear that either

3+A+A
(4.2.1) w=wowy if = %
or
(4.2.2) w = wywywy if = #

So the length of w is I(w) = 2 in case (@2.0]) and [(w) = 3 in case (L.2.2)), whereas
Fuy = Couatp)—plap, ® F3 (a) for some a € {0,1} in both cases. Furthermore, in
any case, '

H(goos Kooy 11§, Too) @ S(ap,c) ® E)

>~ Hq_l(w)n([l,om KL1,ooa Moo & S(apl,(c) ® (C§+PP1 ® ®U Fw)
o~ Hq_l(w)n(mlpo,KMl,ooaﬂ—oo ®®U F’LU)

The first line is [BW] IIT Thm. 3.3], while the second line follows directly as in
[Erad8, p. 256] if we apply the Kiinneth rule to the decomposition l; oo = m; PBap,.

Now observe that Kr, . N AS ., = {1}. Hence, [BW, IT Prop. 3.1] implies
together with the Kiinneth rule that

(4.2.3) H M (my o, Kty oo Too @ (R) Fuo)

> P INCc'e B R HUE KL mpe molime © Fi(a)] .

7‘+s:qfl(w)n (Sv)vGSoo7 VES

Ev Sv=$

Since a cuspidal automorphic representation m € ¢ p, cannot have a one-dimensional
archimedean component, we conclude by Lemma 1] that we must have

7TU|L1(R)55 = Doy41 Vo € Seo
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in order to get non—vanishing cohomology. Moreover, Lemma [£] says that in this
case

® H* (13%, K1, (R)ss, Tl L, (R)ss ® F21X(a)) =
VES

{(C, if s, =1 Vv e Sy,

0, otherwise.

Hence, s = n, and so the dimension of the vector space (23 is

dimc @ /\T(C"71® @ ® Hs”([‘;s,KLI(R)SS77TU|L1(R)SS®F21X(a)>

r+s=qg—Il(w)n (8v)veSees VESco

>, Su=s
B <q ~ (Zv;)l+ 1>n>'

But as [(w) = 2 in case [I21]) and I(w) = 3 in case [{2Z2), this shows the claim.

Next we calculate the cohomology of A3(yp) if it is non—trivial. So according to
Theorem and Proposition B4 we assume that Ay = Ay = A, £ =5, x = 3 + A,
7 satisfies that its central character is trivial and L(%,7) # 0. By Theorem B8] we
obtain furthermore that

H(goo, Kooy Al(p) ® E)

II2

Hq(goo;Kooa Jl(gvﬂ-) Y E)
Hq(goo; KOOa Jl(é-? TrOO) ® E) ® J1(§7 ﬂ'f)
The (sp,(R), U(2))—cohomology of the Langlands quotient J; (€, 7,) with respect to

E = E() ) is computed in [BW, VI Thm. 1.7], and together with [BW], VI Lem.
1.5] we obtain

1

C, ifg=2,4 and 7, = Dop4,

HY (5}34 (R)u U(2)7 Jl (57 7Tv) ® E) = { O7 otherwise.

By now applying the Kiinneth rule, the last assertion of the proposition is given. [

4.3. The second maximal parabolic subgroup. This section is in complete
analogy to the previous one. So, let ¢ = (¢p)pe(p,} € P2 be an associate class

of unitary cuspidal automorphic representations and m € ¢p,. Let x € tig)Q be
the infinitesimal character of its archimedean component, where Elég ? is diagonally

embedded into dp ., and take { € g such that & + x € ag is annihilated by J.
We recall from Lemma that we must have

E=24+A and x=1+A,
or

E=1+Ay and y=2+A4.
The cohomology of the quotients

Ax(9)/A3(p)  and  A3(p)
is obtained in the following proposition.

Proposition 4.3. Let E be an irreducible representation of Gso as in Section [L3],
so that its highest weight A = (A1,,,A20)o has repeating coordinates in the field
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embeddings o : k — C, and may hence be written as A = (A1, A2). Then we obtain
as a G(Ay)-module
H(goo, Koo, Az (0) /A3 () @ E)
o { L (5’ Trf)mQ(ﬂ’q)a if 7TU|L2(R)SS = Sgnl%‘z ®D§+1 Vv € Se,

0, otherwise,
where
n—1
= ] = A 2
ma(T, q) (q B 3n> if x=M+
and

ma(m,q) = <qn_42> if x=~MA+1
In particular, this space vanishes outside the degrees 3n < q < 4n — 1 in the first
case and outside the degrees 4n < q < 5n — 1 in the second case.

If A%(¢) is non—trivial, i.e., if Ao =0, =1, x =2+ Ay and 7 = p® o satisfies
the fact that L(s,u X o) has a pole at s = 1, then

ma(q) 4 _ pE
Hq(gm,Kw,A§(¢)®E)g{ Jo(€,mp)™2 @, if 0, = DY 5 Y0 € Sec,

0, otherwise,
where
n ( nrig), if q is even,
ma(a) = #L{r1se )7y € 24} and Yory =y = { eogh DA

j=1
In particular, this cohomology vanishes if q is either odd or not in the range 2n <
q < 4n.

Proof. As in the case of P, in order to show the assertions on the (goo, Koo)-
cohomology of AL(¢)/A3(p), it is enough to prove that

is of dimension my (7, q) if 7, |1, ®)ss = sgnf72 <§§>D>ﬂ<E 1 for all archimedean places and
that it vanishes otherwise. Again, [BW) III Thm. 3.3] together with our Propo-
sition 1] shows that there is a unique w € W2 for all ¢ : k — C such that the
representation 7o ® Ceyppy has non-trivial (2,00, K, , )-cohomology with respect
to S(ap,c) ® Q4 Fuw- Here, Ceypp, denotes the one-dimensional complex represen-
tation of ap, < I3 o on which a € ap, acts by multiplication by (£ + pp,)(a) and
F, is the irreducible finite-dimensional representation of Lo(R) of highest weight
w(A + p) — p. Explicitly we get

(4.3.1) w=wwy if y=A;+2
and
(4.3.2) w=wiwowy if x=As+1.
In any of these two cases, F,, = (Cw(Aer),p“P ® Fg(g) Furthermore, as in the
2
case of Py,
(4.3.3)

Hq(gooa Kooa Ig(f, 7Too) & S(aP27(C) ® E) = qul(w)n(mzom KMz,oovﬂ-oo ® ®Fw)

o
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Again K7, o N A3, = {1}, whence the latter cohomology space is isomorphic to

B Nce B Q HUE Ky mlrame © FLO)

r+s=q—Il(w)n ('SU)UESOC7 VESeo
S, 5=

Since a cuspidal automorphic representation m € ¢ p, cannot have a one-dimensional
archimedean component, we conclude by Lemma [£1] that we must have

~ +
7TU‘L2(R)SS = Sgn]%z ®DX+1

for all v € S, in order to get non—vanishing cohomology. Moreover, it follows from
Lemma 1] that in this case

® H* (5%, Ky m)ss, Mol Ly )= © F(6)) =

VES

C, ifs,=1%YveE S,
0, otherwise.

Therefore, s = n, and so the vector space ([£3.3)) has dimension

dimc @ /\ (Cn_1® @ ® Hs”([gs,KLz(R)ss,ﬂ'UlLQ(]R)ss ®F§(€))

’r+s:q7l(w)n (Sv)vGSoo7 VES

B (q ~ <Z;>1+ 1>n>'

But as l(w) = 2 in case ([E31) and I(w) = 3 in case ([@3.2), this shows the claim.

It remains to calculate the cohomology of A2(y) if it is non-trivial. So, according
to Theorem [3.6] and Proposition [3.4] we assume that Ao =0, £ =1, x =2+ A; and
T = 11 ® o satisfies the fact that L(s, u x o) has a pole at s = 1. Then, by Theorem
we obtain

Hq(goo,Kw,Ag(w)@E) = HYgoo) Kooy J2(§,7) @ E)
= Hq(gooaKOOaJQ(§77Too)®E)®J2(§,7Tf).

The (sp,(R),U(2))-cohomology of the Langlands quotients J» (&, m,) with respect
to = Es 5y is computed in [BW, VI Thm. 1.7] together with [BW], VI Lem.
1.5], which yields

C, ifg=24and o, = Dy 5,

e (R) V) e m) o )= { & N1Z 5

Now the proposition follows. |

4.4. The minimal parabolic subgroup. We still have to determine the coho-
mology of the various filtration quotients coming from the minimal parabolic k-
subgroup Py. As in the notational Section [[LO a coefficient module F is given
represented by its highest weight A = (A1,A2). Let g = 1 ® po be a unitary
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character of Lo(A) = GL1(A) x GL1(A) representing a cuspidal support ¢ € ®y.

We obtain

Proposition 4.4. There is an isomorphism of G(A)-modules
H(goc, Koo, A(9) /[ Ab(9) ® E)

o f To(A+ po, )™ D, if | g myes = seng! @sgng? Vo € S,
0, otherwise,

(9) 2n —2

m = .

oldq q—4n

In particular, this cohomology space vanishes if q is outside the range 4n < q <

6n — 2.

where

Proof. Using Theorem [3.3] we see that

H(goo, Koo, Ag(9)/ Ap(p) ® E)
= Hq(goo;KooaIO(A + pO,,U) & S(aP07C) @ E)
= Hq(goo;KooaIO(A + pOa,u'oo) Y S(aPo,C) & E) & IO(A + Poaﬂf),

whence it suffices to prove that the space
H(goos Koo, Io(A + pos ploc) @ S(ap,c) ® E)

is of dimension mo(q) if po|rm)ss = sgnﬁ}; ®sgan\22 for all v € S and vanishes
otherwise. Similar to the case of the maximal parabolic subgroups, this can be
accomplished harking back to [BW] III Thm. 3.3] and [BW], IT Prop. 3.1]. First,
we observe that w = wswjwow; is the only element of W = W which may
give rise to an Lo(R)-module F, such that &), F,, has non-trivial (lo o0, K1,00)-
cohomology with respect to pio ® S(ap, c) ® Cat2p,- The module F, is isomorphic
to Fiy = Coya4p)—p @F (A1, A2). Second, we derive as in the proofs of Propositions
and 3] that

(4.4.1)

Hq(gOOa KOOa IO(A"_/)OMU'OO) ®S(aP07(C) ®E) = Hq_4n(m0,oov KMo,oo,NOO ®®Fw)'

Third, applying [BW], II Prop. 3.1] and the Kiinneth rule to the last cohomology
space reveals that it is isomorphic to

@ /\TCQ”_2® @ ® H (6%, Ko ®)ss s ol Lo (m)ss ® FO(A1, Ag))|

r+s=q—4n (5v)veESees V€S
» Sv=8

Here, observe that Ky, , has trivial intersection with Ag ., and that mg « is of
dimension 2n — 2. Fourth, checking Lemma (1] gives that in order to get non-
vanishing cohomology, it is necessary that ji,|r,®)ss = FO(A1, Ao) = sgan\; ® sgn]??2
and s, = 0 for all v € S, and then

® HSU([SSvKLO(R)ssvl"v'Lo(R)ss ® FO(A17A2)) =C
VES

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



EISENSTEIN COHOMOLOGY OF Spy 5223

Hence, s = 0, too, and we obtain that the dimension of the vector space ({41 is

dim¢ @ /\Czn_2® @ ®HSU([SSaKLO(R)S%M’U‘LO(R)SS®FO(A1aA2))

r+s=q—4n (sv)vgsoo, VES
v Sv=8
_ 2n — 2
\g—4n)’
This shows the assertion. O

We now deal with the case of the quotient A}(p)/A3(¢) if it is non-trivial, i.e.,
if u and A satisfy one of the singularity conditions given in Theorem 3.3l That is,

if either

(4.4.2) A=Ay and py = o

or

(4.4.3) Ay=0 and pe=1

or both, i.e.,

(4.4.4) Ai=Ay=0 and p; =ps=1.

There is the following proposition.

Proposition 4.5. In each of the three cases (L4.2), (L.43) and (4.44), there is
an isomorphism of G(Ay)-modules:

(1) In case (£42),

n1(k,q)
3
HY (s Ko AY(0)/A3(0) 9 B) = 1 (M1 4 g oden)

where
( ) n—1
n =

Wp) = #{v € Sooltto|r,®ys = Sgnglﬁ(ﬂ@}'

with

In particular, this cohomology space vanishes if q is outside the range 3n <
g <6n-—1.

(2) In case (£43),
H(goo, Koo, Ap() [ Ab () ® E)
~ { (A +2,p0p® 1SL2(AJV))”2(¢1) if tolr, = sgan\; Y € Soo,

0 otherwise,
where
e n—1 n
na(q) = jz:% (q—Sn—Zj) <J>

In particular, this cohomology space vanishes if q is outside the range 3n <
q < 6n-—1.
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(3) Flinally, in case ({44,
H(goo, Koo, Ag () AG() @ E)

is isomorphic as a G(Ay)-module to the direct sum

n—1

3 (qffm)
I (571L1(Af)) @12(271L2(Af))n2(®7

where na(q) is as in case (2). So, this space vanishes again if q is outside
the range 3n < g < 6n — 1.

Proof. By the very form of the quotient A}(¢)/A3(), described in Theorem B3]
we should determine the G(As)-module structure of the cohomology spaces

3
H? (gooaKooaIl (Al + §7M0det) ®S(CIP1,(C) ®E)

3 3
~ HY (goo,Koo,Il <A1 + 57#00 odet) ®S(Clp1’(c) ®E) ® I (Al + 5“ch odet)

and
H(goo, Kooy I2(A1 + 2,1 @ 1s1,(a)) @ S(ap,c) ® E)
2 HY(goo, Koo, I2(A1 + 2, foo ® 151, ) ® S(ap,c) ® E)
®Ia(A1 + 2, 15 @ Lgp,a,))-

According to Theorem B3] the first one is needed to treat (EZ.2]), the second one
to treat (43 and their direct sum to treat (L4.7).

We will start by determining the first one, i.e., by what we just said, we may
assume that A; = As and p; = uo. A short moment of thought shows that in order
to calculate the first cohomology space, one may proceed literally as in the proof
of Proposition with w = wewiws to obtain

3
Hq (gocnKomIl (Al + 57,“00 Odet) ® S(aPhC) ®E)

2 HI7" (11 00, KLy 0 oo @ S(ap,,c) © Cay 4205, @ Q) Fu)

= qu?m(ml’w’ KMl,oovﬂoo (29 ®Fw)
o

™
= P (N e @ & H 0 Koy ol - @ FL A +1)) .
rts=q—3n (80)vESoes VESoo
>, Sv=s$
Recall that FL(A; +1) = sgnglLil(R) is one-dimensional. As p is one-dimensional,
2

too, we must have pi,[r, (r)ss = Sgnavai(R) for some a,,, v € So. Depending on the
2
parity of a,, we obtain by our Lemma 1] that
HS”([‘is, KLl(]R)ss, uv|Ll(R)ss 4 Fll (Al + 1))

C, ifa,=A1+1 mod?2ands, =0,
>~ C, ifa,=A; mod 2 and s, = 2,
0, otherwise.
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Hence, if we let
I(n) =#{v e Sxla, =A1 mod 2} = #{v € Seolto|r,(®)ss = sgrlglei(R)}7

then s = 2I(u), and so
dime(H (goo, Kooy Tt (A + 2, p1oe 0 det) @ S(ap, ¢) @ E)) = n-l _
S 2’ : g — 3n — 21(u)

This proves the assertion in case ([L4.2]).

We now turn to the case of [{@Z3), i.e., we may assume that Ap = 0 and
e = 1. As above, we may again proceed precisely as in the corresponding maximal
parabolic case, namely as in the proof of Proposition .3 with w = wiwsw; in order
to analyze

Hq(goo, KOO7 IQ(Al + 2, JUR 1SL2(A)) ® S(U.P%(C) ® E)
We obtain
Hq(gooaKooaI2(A1 + 2, fhoo ® 1SL2,W) ® S(aPmC) ® E)

= @ No

r+s=q—3n
® @ ® HSU([;S,KL2(R)SS7(,U/’U®13L2(R))‘L2(R)ss ®F12(A1))

(Sv)vESoca VESeo

As FE(Ay) = sgan\; ®1gr,(r), Lemma ATl forces pu,|r, = sgan\; and gives
Sy ((8S ~ C if Sy = 0, 2,
H (15°, Kry®yss, (o @ Ls1,®))| Lo (R)ss @ FP(Ay)) = { 0 otherwise.

Hence, the dimension of H(go, Koo, I2(A1 +2, fioo @151, ) ®S(ap, c) ® E) is the
number of ways to write ¢—3n as a sum ¢—3n = T"'Zuesm sy where 0 <r <n-—1
and for each v € S, s, is either 0 or 2. It is an easy exercise in combinatorics to
show that this number is actually ns(q) as predicted by our proposition. Now the
proof is complete. O

We conclude this section by determining the cohomology of the last remaining
filtration step AZ(p). According to Theorem [B.3] it is non-trivial if and only if
p=1p,s and A = (0,0) and is then isomorphic to

A3(#) = Law)-

We show

Proposition 4.6. Let pn = 17,y and A = (0,0). Then the cohomology of A%(p)
is isomorphic as a G(Ay)-module to

Hq(QOO7KOO7A(2)(‘p) ®E) = HY (g, Keo, 1G(A))

~ no (Q)
Laagy

where

no(q) = #{q = irﬂrj €{0,2,4,6}}.

j=1
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It therefore vanishes if q is odd and if q is even,
L&) n\ /n+4-45-1
=) (1) 2 ),
nale) =3 (Y

Proof. Tt is well known that
H(spy(R),U(2),1gw)) =C

if ¢ =0,2,4,6 and vanishes otherwise. For instance, see [OS], the table on p. 489.
Therefore, it only remains to show that for even degrees ¢ there is the equality

no(q) == #{g = Z €{0,2,4,6}} = i(—nj (”) (” i 1).

J n—1
By definition, ng(q) is the coefficient of #9 in (20 + 2% + 2% +25)". If we put y = 22,
this is the coefficient of y# in

(I+y+y*+9")" = 7((11__24)):
- Do ()

Since we want 4j +u = £, it follows that this coefficient is

)

which shows the claim. O

L)

=0

5. THE MAIN RESULTS

5.1. We are now ready to state and prove the main results of this paper on the
Eisenstein cohomology of the group G' = Sp4/k. Recall that it can be decomposed
along the proper parabolic k-subgroups and the various cuspidal supports as a
direct sum

2
Hp; (G, E) = @ @ H* (8900, Koo, A7 (Pi, 0) ® E).
i=0 pEd;

We proceed by distinguishing the three standard parabolic k-subgroups P; and the
various cuspidal supports ¢ € ®;, i =0, 1, 2, in question. In order to keep notation
at a minimum, we shall abbreviate in this section

HUAT () AT () @ E) 1= H(goo, Koo, AT (9) /AT () ® E)
and similarly

for the G(Af)-module of (goo, Koo )-cohomology with respect to E of the quotients
of the filtration of A7 (P;, ). Furthermore, if M is any G(Af)-module and S any
G(Ay)-submodule of M, we will express this by writing S = Sb(M).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



EISENSTEIN COHOMOLOGY OF Spy 5227

5.2. Maximal parabolic subgroups. The case of the maximal parabolic k-sub-
groups P;, 1 = 1,2, can be treated simultaneously. Let ¢ = (@P)pe{pi} € ®; be
an associate class of unitary cuspidal automorphic representations and = € ¢p, a
representative, i.e., a unitary cuspidal automorphic representation of L;(A) which is
trivial on the diagonally embedded group A;(R)°. Let x € a.* be the infinitesimal

character of 7., where aoi is diagonally embedded in dg, oo, and ¢ e aP such that
&+ x € ap is annihilated by J, a condition which is explained in Proposition
and repeated at the beginning of Sections 2] and 3] Recall from Theorem [3.6]
that, if A?(¢) is non—trivial, then it is isomorphic to the residual representation
A2(p) =2 J; (&, 7). We therefore have a natural morphism of G(A f)-modules

Jg(@):Hq(ngKvaz( )®E)_>Hq(goo,KoowA\7(P' )®E)

induced by the inclusion J;(§,7) — Ay (P;, ¢) — Ay. With this notation at hand
we obtain the following theorem describing the G(Ay)-module structure of the
summand H?(goo, Koo, A7 (P;, ) ® E) in the Eisenstein cohomology HE, (G, E) of
G.

Theorem 5.1. Let G = Spy/k be the split algebraic group of type Co over a to-
tally real number field k. Let E be an irreducible, finite-dimensional representation
of Goo s0 that its highest weight A = (A1,A25)s has repeating coordinates in
the field embeddings o : k — C and may hence be written as A = (A1, As), and
assume that E is the complexification of an algebraic representation of G/k. Let
¢ = (pp)pegpy € i, i = 1,2, and m € @p, be a unitary cuspidal automorphic
representation of L;(A).
(1) If A2(p) is non—trivial, i.e., if
(i=1) Ay =A=A, =1, x =3 +A and 7 satisfies the fact that its central
character is trivial and L(%, ) #0,
(i=2) A =0,&=1, x =24+ A and 7 = p ® o satisfies the fact that
L(s,u X o) has a pole at s =1,
then there is the following isomorphism of G(Af)-modules:

H1 (gooaKooaAJ( 1,90) & E)

HY(AZ (p) @ E), M <q<3n—1,
HY(ANp)/A2(p) @ E) mod J () (HI(A2(¢) @ E)), 3n<q<d4n-—1,
q even,
= SH(HI(A}(p)/A;(v) ® E)), 3n<q<dn-—1,
q odd,
J{ (@) (HI(AF(p) ® E)), q = 4n,
0, otherwise.

Moreover, Ji"(¢)(H*" (A} () @ E)) = H>"(AZ(¢) ® E).
(2) If, however, A2?(p) is trivial, then there is the following isomorphism of
G(Ay)-modules in all degrees q:

H(goo, Koo Ag (P, ) © E) 2 HU(A; () /A (9) ® E) = HY(Aj (¢) ® E).
Before we prove this theorem, we list a couple of remarks and consequences.
Corollary 5.2. (1) As a consequence of the theorem, if A?(p) # 0, then there

exist non—trivial Fisenstein cohomology classes in H(goo, Koo, A7 (P, ) ®

E) representable by (derivatives of ) residues of Eisenstein series at least in
all even degrees q, satisfying 2n < q < 3n.
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(2) Purthermore, again if A?(p) # 0, there exist non—trivial Eisenstein coho-
mology classes in H(goo, Koo, A7 (P;, ¢) ® E) representable by derivatives
of holomorphic main values of Fisenstein series at least in all even degrees
q in the range 3n < q < 4n — 1. If A?(¢) = 0, then there exist non—trivial
Fisenstein cohomology classes in HY(goo, Koo, A7 (Pi, ) @ E) representable
by derivatives of holomorphic main values of Eisenstein series in degrees
3n < g < 4n—1, respectively 4n < q < bn—1, depending on the infinitesimal
character x of ™ € p,; cf. Propositions and [E3l

Remark 5.3. (1) We recall that the spaces H?(A%(¢)®FE) and HI(A}(p)/A2(p)
®F) used in the statement of the theorem are described explicitly in Propo-
sitions and 3]
(2) We cannot exclude that J(¢)(H(A2?(¢) @ E)) # 0 in even degrees 3n <
q < 4n, so holomorphic and residual Eisenstein cohomology classes might
not be separated by their degrees.

Proof of Theorem 511 and its Corollary 5.2l By the very construction of the filtra-
tion, we have A7 (P;, ) = Al(p). Hence, it suffices to prove the above theorem for
H9(Al(¢) ® E). In order to do that, we use the long exact sequence in (geo, Koo )-
cohomology obtained from the short exact sequence

0= A7 (p) = Al(p) = Al(p) /A7 () = 0.

But having this strategy in mind, the theorem is an easy consequence of the van-
ishing properties of

H(Aj(9)/Ai(p) @ E) and  HY(A}(p) ® E)

obtained in Propositions and The corollary now follows from the theorem
and the observation that A?(y) is a residual automorphic representation and that
Al(p)/A2(p) is spanned by derivatives of holomorphic main values of Eisenstein
series. (]

5.3. The minimal parabolic subgroup. We are now considering the case of
the minimal parabolic k-subgroup Py. Therefore, let p = p3 @ ps € ¢ € Pq
be a unitary character of Lo(A) which is trivial on the diagonally embedded group
Ap(R)°. Recall from Theorem B3 that A3 () is non—trivial if and only if = 11, (a)
and A = (0,0) and is then isomorphic to the residual representation

Aj(9) = 1g)-
Hence, we can again consider the morphism
J(] : Hq(gooa Kooa 1G(A)) — H%‘is(G? (C)

induced by the inclusion 1gs) — Az (FPo,¢) — Az. We shall now prove a the-
orem dealing with the summands HY(geo, Koo, A7 (Po, ) ® E) in the Eisenstein
cohomology HE. (G, E) of G.

Theorem 5.4. Let G = Spy/k be the split algebraic group of type Co over a totally
real number field k. Let E be an irreducible, finite-dimensional representation of
G so that its highest weight A = (A1,,,M25)s has repeating coordinates in the
field embeddings o : k — C and may hence be written as A = (A1, As), and assume
that E is the complezification of an algebraic representation of G/k. Let ¢ =
(eP)pe(pyy € Po, and p € @p, be a unitary character of Lo(A).
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(1) If Ad(p) is non—trivial, i.e., if 1 = 1p,(a) and A = (0,0), then there is the
following isomorphism of G(Ay)-modules:

Hq(gOOa KOOvAj(POa QO))

HY(1g)), 0<qg<3n-—1,
HI(Aj(9)/AB(y)) mod JU(H(1gw))), 3n<gq<dn-—1,
= q even,
Sb(HI(Aj(9)/ A3(#))), 3n<g<dn-—1,
q odd.

The module Sb(H(A}(¢)/A2(v))) is non—trivial for all odd q, 3n < q <
dn — 1. Furthermore, J3"(H*" (1)) = H*"(1g(a))-
(2) If A3(yp) is trivial but Al(p) is non-trivial, i.e., if precisely one of the
conditions
e Ay = Ay and p1 = s or
e Ao=0and puy =1
is satisfied, then there is the following isomorphism of G(Af)-modules:

Hq(gomKoowAJ(POWD) ® E)
0, 0<q<3n—1,
1(AG(p) /A3 () ® B) = H(Ag(p) @ E), 3n<g<dn— L.

(3) If, however, even A(p) is trivial, then there is the following isomorphism
of G(Ay)-modules in all degrees q:

H(goo, Koo, A7 (Po, ) ® E) = HI(AL(9) [ Ab(p) ® B) = H(Aj(0) ® E).

Remark 5.5. (1) We recall that the spaces H1(A3()), H1(A}(p)/ A3(p) ® E)
and H9(AY(¢)/ A}(¢) @ E) are described explicitly in Propositions 6]
and [£4] respectively.

(2) Unfortunately, in the case when A}(p) # 0 our approach does not give a
good description of H9(goo, Kooy, A7 (FPo, ) ® E) in the remaining possibly
non—trivial degrees 4n < q < 6n — 2.

~

Proof of Theorem [54. Observe that by construction of the filtration, we have
Az (Po, o) = AS(¢). Hence, it is enough to prove the above theorem for H?(AY(¢)®
E). In order to do so, we use as in the case of the maximal parabolic subgroups the
long exact sequences in (g0, Koo )-cohomology

(5.3.1) ... > HY(A3(p) ® E) = HY(Aj(¢) ® E) — HI(Aj(p)/Aj(¢) ® E) — ...
and
(5.3.2) .. HY(Aj(p) ® E) — HI(Aj(p) ® E) — HI(AJ(9)/ As(¢) ® E) — ...
obtained from the short exact sequences

0 — AG(¢) = Ap(e) = As(e)/A3(0) = 0

and
0 = Aj(w) = Aj(e) = A(®) /[ Ai(w) = 0.
By Proposition 5, H(A}()/A3(p) ® E) = 0 for 0 < ¢ < 3n — 1. Therefore
the long exact sequence (B3] yields

HY(A}(p) @ B) =2 HI(A2(p) @ E) for0<q<3n-—1
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and J3" (H3"(1g(a))) = H3" (1g(a)). Moreover, by Proposition L4, H7(A§(p)/AS(e)

®F) =0 for 0 < g < 4n — 1. Hence, the long exact sequence (.3.2]) implies
HY A p)® F) =2 HY (A} (p) @ E) for 0 < q<4n—1.

Keeping this in mind, the vanishing of HY(A%(p) ® E) = 0 in odd degrees also

implies that

H(Aj () ® E)

HY(Aj(p)/A3(p) ® E)  mod JI(HY(A3(¢) ® E)), 3n<q<4n—1,
q even,

SH(H(Ag(p) /A3 () ® E)), 3n < q<dn—1,
q odd.

It

If AZ(ip) is trivial, this simplifies to

1 ~ 07 OSQS?’”—L
H(Ao(p) @ B) = { HI(AY()/A(0) © B), 3n<q<dn—1.

Putting the pieces together we obtain
Hq(goov KOO, AJ(PO, 90))

H(1ga)), 0<¢<3n-—-1,
HU(Aj(p)/Af(p))  mod JU(HY(1gw))), 3n<q<4n-—1,
= q even,
Sb(H(A5(¢)/AG(#))), 3n<q<d4n-—1,
q odd.

if AZ(p) # 0 and

Hq(g(xHKOCHAJ(POaQO) X E)

~]) 0 0<q<3n-—1,
| HU(Aj(p)/ Af(p) @ E) = HI(Aj(p) © E), 3n<q<dn-—1

if Aj(p) # 0 but AZ(p) = 0. If even Aj(p) = 0, then AJ(¢) = AJ(¢)/A}(p) and
the result follows in this case. Hence, it remains to show that Sb(H?(A}(¢)/AZ(¥)))
is non—trivial for all odd ¢, 3n < ¢ < 4n — 1. This can be seen as follows. If
3n < ¢ < 4n — 1 is odd, then the integer na(g) from Proposition .5 is non—zero.
Therefore, again by Proposition [£3]

HY(A(9)/ AS(9) 2 12(2, 1,n)),

and therefore H?(A}(p)/A3(¢)) is not finite-dimensional. However, this implies
that Sb(HI(A}(p)/A2(¢))) being the kernel of the map HYI(A}(p)/A3(¢)) —
H9(1¢(a)) must be non—trivial, as H7"!(1¢a)) is finite-dimensional. O

Corollary 5.6. If the highest weight A and a unitary character p € pp, are such
that Ay(p) # 0, then there are non—trivial Eisenstein cohomology classes in all
degrees 3n < q < 4n — 1 which are representable by the main values of derivatives
of residual Eisenstein series obtained from a simple pole of a cuspidal Eisenstein
series attached to p. Thus, their main values are residues of Eisenstein series which
are not square—integrable (and do not come from a pole of the highest possible order

2).
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Proof. If the highest weight A and a unitary character 4 € ¢p, are such that
Ab(p) # 0, then Theorem [E.4] shows that there are non—trivial Eisenstein cohomol-
ogy classes in all degrees 3n < ¢ < 4n — 1 which are elements of the cohomology
spaces H1(A}(9)/A3(¢) @ E). As the quotient A}(¢)/A2(¢) is spanned by main
values of derivatives of residual Eisenstein series which are obtained from a simple
pole of a cuspidal Eisenstein series attached to pu, the assertion follows. (I

6. ON THE CONTRIBUTION OF THE TRIVIAL REPRESENTATION
TO AUTOMORPHIC COHOMOLOGY

We would like to finish with a more detailed discussion of the actual contribution
of the trivial representation 1¢ () to Eisenstein cohomology of G = Sp4/k over a
totally real number field k. More precisely, we consider the G(A y)-morphism

JU: H(1gn)) — HE, (G, C)

induced by the inclusion 1ga) — Az (Fo, 11,(a)) = Ag, usually called the Borel
map.

The approach taken in this paper, more precisely the results of Section [B only
provides an incomplete description of the image of the Borel map, which we sum-
marize in Corollary B6.1] below. As pointed out by the referee, the true approach
to resolve this problem is the one of Kewenig and Rieband in their Diplomarbeit
[KR], following Franke [Fra08]. As we were not aware of their work [KR], which
is still unpublished and quite difficult to find (we found a copy in the library of
the Mathematisches Institut der Universitit Bonn), following a suggestion by the
referee, we decided to include in Section a complete summary of the results
obtained by Kewenig and Rieband in [KR], made explicit in the specific case Spy
over a totally real number field.

6.1. We begin with a corollary that is a consequence of our computations in Section
Bl It describes the Borel map up to degree ¢ = 3n, but fails in higher possible
degrees. However, this is already an improvement of a general result of Borel (cf.
[Bor74, Thm. 7.5]) in the case G = Spy. For a complete description of the image
of the Borel map see Section [6.2] where a summary of [KR] in the case G = Spy
over a totally real number field is given.

Corollary 6.1. The full space of Eisenstein cohomology Hy,. .(G,C), with respect
to the trivial coefficient system E = C, is entirely spanned by the cohomology of the
trivial representation 1) in degrees 0 < ¢ < 2n —1, so

HE, (G,C) = H(1gw)) = 120(5&)), for0<qg<2n-1

in the notation of Proposition LGl Moreover, the morphism J? determining the
contribution of H(1ga)) to Eisenstein cohomology is injective (at least) up to
degree q = 3n.

Proof. This is a direct consequence of Theorems [5.4] and B.1 a

Remark 6.2. As mentioned above, the corollary — although a partial result — is
already an improvement of Borel’s result on the contribution of the trivial repre-
sentation to the cohomology of arithmetic groups (cf. [Bor74, Thm. 7.5]) in the
case G = Spy/k.
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Indeed, denote by c(Rj/q(G)) the maximum of all degrees ¢ such that pg — v >
0 for all weights v of Ag in A%ngco, and by m(Gus) + 1 the smallest degree in
which a non-trivial irreducible unitary representation of GG, may have cohomology.
Then Borel proved that .J9 is injective for ¢ < ¢(Rj/p(G)) and an isomorphism
for ¢ < min(c(Ry/q(G)), m(Gw)). It is easy to make these numbers explicit in the
considered case G = Spy/k: we obtain c(Ry/g(G)) = n—1and m(G) = 1. Hence,
the claim follows.

This is in analogy to the case SLs/k, k being any number field with more than
one real place, as it was observed by Harder in [Har75, Prop. 2.3.(iv)]. See also
[Bor74, Example 7.7].

6.2. We now give a complete summary of the results of Kewenig and Rieband in
their Diplomarbeit [KR], made explicit for the case Spy over a totally real number
field. Following the approach of Franke, applied in [Fra08| to the special linear
group, they determined the kernel of J* := @ g0 J4 very explicitly for the sym-
plectic and odd special orthogonal groups of arbitrary rank over any number field.
This makes it possible to determine the image as well.

Their strategy is as follows. The cohomology H*(geo, Koo, 1. ) of the trivial

representation 1¢_ of G can be identified with the cohomology H* (Xg )) of the

connected compact dual Xéc ) of the symmetric space Xg = G /Koo, attached to
G and its maximal compact subgroup K. In particular,

H* (1g) = H(XY).

We need some notation by Kewenig-Rieband. They denote by H*(X g ))kemel the
kernel of the Borel map J* viewed as a subspace of H *(Xg )),

H*(Xg))kernel :=ker J* C H*(Xg)),

The crucial fact, due to Franke [Era08], is that this kernel can be computed as

the Poincaré orthogonal complement in H* (X, éc )) of another subspace, denoted by

o (Xé*c))imagea

() () +
H* (XG )kernel = (H*(XG )image)

This latter subspace is the image of the Poincaré dual of the Borel map restricted to
a certain subspace of H} (G, C), defined by Franke in [Fra08]. In view of this latter
interpretation of H* (X, g ))kcmcl, Franke [Fra08, (7.2)] now provides an effective
description of the kernel of the Borel map.

The results for the symplectic group over a totally real number field are obtained,

using the above strategy, in Section 12.1 of [KR]. They first determine in Satz 12.1.1
the subspace H*(Xg))image of

HY (X)) = Q) H* (Sp(4)/U(2)).

VESs

(Here we used the Lie group theorists’ notation Sp(4) for the real compact from
of Sps(C), rather than USps(C) used in [KR].) It is the ideal spanned by the
top Chern classes X,, attached to the factor H* (Sp(4)/U(2)) corresponding to
v € S. Since top Chern classes are self-orthogonal with respect to the Poincaré
pairing (see [KR] Korollar 10.1.5]), one obtains an explicit description of the kernel
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of the Borel map as well. This is done in [KR] Satz 12.1.2] and is summarized in
the next theorem.

Theorem 6.3 ([KR] Satz 12.1.2, Kor. 12.1.3). Let G = Spy/k be the split symplec-
tic group of k-rank two over a totally real number field k of degree n over Q. Viewed
as a subspace of H* (Xg)) = Qyes.. H* (Sp(4)/U(2)), the kernel of the morphism
J* = 69@0 J? is the ideal which is spanned by the product [[,cs_ Xo ® Lga,)s
X, being the top Chern class associated to H* (Sp(4)/U(2)) at the place v. In
particular, its dimension is dimKerJ* = 2™,

From the description of the kernel of J* one can determine its image. In this way,
as a direct consequence of Theorem [6.3] one obtains the following corollary, which
shows that J? is non—trivial in even higher degrees than what could be determined
using our approach in Corollary

Corollary 6.4. The dimension of the image of the Borel map J* = ®q20 J? for
G = Spy/k is given by

dim ImJ* = 2™(2" — 1).
Moreover, if n > 2, then the trivial representation 1) contributes non-trivially
to Eisenstein cohomology above the middle degree ¢ = 3n = %dim Goo/ Koo

Proof. By induction on the degree n = [k : Q], one shows using the proof of
Proposition that dim H*(1g)) = 227 Now, the first part of the corollary
is a consequence of Theorem For the last assertion recall that the (goo, Koo)-
cohomology of 1., satisfies Poincaré duality and the fact that for n > 2, dim ImJ* =
2m(2" —1) > 22"~ = L dim H*(1g(a)). This shows the last assertion in the case of
odd n. If n = 2¢ > 2 is even, we need to prove that dimImJ* > %dim H* (1)) +
$n0(3n). An easy observation, again the proof of Proposition and Poincaré
duality, shows that this is equivalent to 2™ < 235;01 a;, where a; is the coefficient
of 47 in the polynomial (1 + y + y? + 3)"™. But this follows by induction on ¢. [

Remark 6.5. The last assertion of Corollary [6.4] is in accordance with the case
SLy/k considered by Harder; cf. [Har75, Prop. 2.3.(iv)]. He proved that if & # Q,
then 1g7,(4) contributes non-trivially to Eisenstein cohomology of SLy/k in some
degrees greater than the middle one, i.e., greater than half the dimension of the
symmetric spaces associated to SLy o, and a maximal compact subgroup.

Example 6.6. For the convenience of the reader, and as an example, we make in
Table the contribution of the trivial representation to Eisenstein cohomology,
i.e., the behavior of the Borel map J? : HY(1g(a)) — Hg,,(G,C), explicit for the
group Sp4 over a real quadratic extension k/Q, i.e., n = 2.

TABLE 6.1. The behavior of the Borel map for the group Spy over
a real quadratic extension of Q

g 0 2 4 6 8 10 12

ImJje| C C?2 C3 C* C?* o 0
KerJ?| 0 0 0 0 C C* cC
J?1is | bij. bij. inj. inj. x =0 =0
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(134

We use the notation “bij.” for bijective, “inj.” for injective but not surjective,
the symbol x for neither injective nor surjective, and = 0 for the trivial map. The
middle degree in this example is ¢ = 3n = 6. Hence, as predicted by Corollary [(.4]
we see that there is a non—trivial contribution in degree ¢ = 8, which is above the
middle degree.
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