A CONSTRUCTION OF RESIDUES OF EISENSTEIN SERIES AND RELATED
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ABSTRACT. The cohomology of an arithmetic congruence subgroup of a connected reductive al-
gebraic group defined over a number field is captured in the automorphic cohomology of that
group. The residual Eisenstein cohomology is by definition the part of the automorphic coho-
mology represented by square-integrable residues of Eisenstein series. The existence of residual
Eisenstein cohomology classes depends on a subtle combination of geometric conditions (coming
from cohomological reasons) and arithmetic conditions in terms of analytic properties of automor-
phic L-functions (coming from the study of poles of Eisenstein series). Hence, there are almost no
unconditional results in the literature regarding the very existence of non-trivial residual Eisenstein
cohomology classes. In this paper, we show the existence of certain non-trivial residual cohomology
classes in the case of the split symplectic, and odd and even special orthogonal groups of rank two,
as well as the exceptional group of type G2, defined over a totally real number field. The construc-
tion of cuspidal automorphic representations of GL2 with prescribed local and global properties is
decisive in this context.

1. INTRODUCTION

1.1. Prelude - The residual spectrum through a cohomological lens. Let G be a connected
algebraic group defined over an algebraic number field k. For simplicity of exposition, we assume
in this subsection that G is semi-simple. Let G be the group of real points of the algebraic Q-
group Resy, oG obtained from G by restriction of scalars. Let I' C G(k) be a torsion-free arithmetic
subgroup of G, viewed as a discrete subgroup of the real Lie group G via the diagonal embedding.*

Let L?(I'\G) be the space of square-integrable functions (modulo the centre) on I'\ G, viewed
as usual as a unitary Go.,-module via right-translations. The theory of Eisenstein series plays a
fundamental role in the description of the spectral decomposition of L?(I'\G,). This space is
the direct sum of the discrete spectrum L3 (I'\Gwo), i.e. the span of the irreducible closed Goo-
submodules of L?(I'\Gx), and the continuous spectrum L% (I'\Gwo). The former space contains
as a Go-invariant subspace the space Lgusp(l“ \Go) of cuspidal automorphic forms, the so called
cuspidal spectrum. The orthogonal complement in LgiS(F\GOO) is the residual spectrum, to be

denoted L2 (I'\Gw), thus, there is a direct sum decomposition

(11) L(zils(F\GOO) = Lzusp(F\GOO) D L?es(P\GOO)

The discrete spectrum is a countable Hilbert direct sum of irreducible G o-modules with finite mul-
tiplicities. By the work of Langlands each of the constituents of the residual spectrum L2 (T'\Gxo)

res
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IThe group G is isomorphic to the product of the Lie groups G, = G**(k,) where, given an archimedean place
v € Vi of k, Ly : K — k, denotes the corresponding embedding of k into the completion with respect to v.
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can be structurally described in terms of residues of Eisenstein series attached to irreducible repre-
sentations occuring in the discrete spectra of the Levi components of proper parabolic k-subgroups
of G.

Given a rational finite-dimensional representation (1, E) of G our object of concern is the
cohomology of I' with values in E, to be given in terms of relative Lie algebra cohomology as

where C™(I"\G,) denotes the space of C*°-functions on I'\G+,.? This cohomology space contains
as a natural subspace the so-called square integrable cohomology H (*Sq) (I', E) to be defined as the
image of the homomorphism

(1.2) Jdis © H* (800s Koo; LZE?(F\GOO) ®FE) — H (goo, Koo; CF(T\Go) ® E)

induced in cohomology by the natural inclusion of the space of C>°-vectors in the discrete spec-
trum of I'\G into C*°(I'\Gw ). In general, the homomorphism jg;s is not injective whereas the
homomorphism induced by the inclusion of the space of C*°-vectors in the cuspidal spectrum into
C*°(I'\G) is injective [see Section 3]; its image is called the cuspidal cohomology of I'.

We are interested in the contribution of the residual spectrum of I'\ G, to the cohomology groups
H(*Sq)(F,E) C H*(I', E), that is, we aim at

2

cs(I\Gx) via residues of Eisenstein series and, by

— constructing non-trivial elements in L
using these,
— constructing non-trivial cohomology classes in H* (goo; Koo, Lo (D\Goo) @ E), and finally

— showing that the classes so constructed are carried over to non-trivial classes under the map

Jres : H*(QOOaKodLZOO(F\Goo) & E) — H*(gomKoo;Coo(F\Goo) @ E)

res

whose image is contained in the square integrable cohomology H Eksq) (T, E).

The general specification of the residual spectrum via residues of Eisenstein series, which in turn
depends in a recursive way on the description of the cuspidal spectra of groups of lower rank, is
dealt with in [42] and in the context of adele groups in [48]. Besides the work [47] on the detailed
description of the residual spectrum for GL,, there are only complete results for the groups Go
by Zampera [71] resp. Kim [33], the symplectic group Sps by Kim [35] resp. Konno [37] and the
special orthogonal group SO5 by Kim [34]. However, these latter results account which residues of
FEisenstein series can possibly occur in the residual spectrum, depending essentially on the analytic
properties of certain Euler products attached to the cuspidal automorphic forms which are used
to exhibit the Eisenstein series in question. Thus, our main focus is on the explicit construction
of residues of suitable Eisenstein series subject to the condition that these residues give rise to
non-trivial classes in H*(goo, Koo; Lecs*(I\Goo) @ E). The quest for residues of Eisenstein series
which are cohomologically relevant puts additional constraints on the cuspidal data used for the
Fisenstein series involved. Our main results concern constructions of such non-trivial classes in
the cases of the split k-groups Spa/k, SO5/k, and SO4/k of k-rank two and the exceptional group
Ga/k, k a totally real number field. These results rely essentially on various explicit constructions
of cuspidal automorphic representations of G Ly /k with prescribed local and global properties, the
latter ones expressed in terms of a specific automorphic L-function.

2For a differentiable Goo-module F' we usually put H* (goo, Koo, F) = H* (goo, Koo, Fi..) Where Fi__ denotes the
space of Koo-finite vectors in F', K+ a maximal compact subgroup in Goo.
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This work has to be carried through in the framework of adele groups. Thus, in the next
subsection, we set up the framework and describe our results in a more precise way.

1.2. Adele groups and automorphic cohomology. The cohomology of an arithmetic subgroup
I" of a connected reductive algebraic group G defined over an algebraic number field k£ can be inter-
preted in terms of the automorphic spectrum of I'. There is a sum decomposition of the cohomology
into the cuspidal cohomology (i.e. classes represented by cuspidal automorphic forms) and the so-
called Eisenstein cohomology constructed as the span of appropriate residues or derivatives of
Eisenstein series. These are attached to cuspidal automorphic forms 7 on the Levi components of
proper parabolic k-subgroups of G. Taking into account the cuspidal support of each of these Eisen-
stein series results in an even finer decomposition of the Eisenstein cohomology. More precisely [16,
Theorem 1.4 resp. 2.3], the automorphic cohomology H*(G, E) with a coefficient system originating
in an irreducible finite-dimensional algebraic representation of G has a direct sum decomposition®

(1.3) HG.E)= P P H(me KuiAp(pyscE)
{P}EC(ﬁE‘I’E’{p}

where C denotes the set of classes of associate parabolic k-subgroups of G, and the second sum
ranges over the set ®p (py of classes of associate irreducible cuspidal automorphic representations
of the Levi components of elements of {P}. The summand that is indexed by the full group {G}
accounts for the cuspidal cohomology of G with coefficients in E, to be denoted H;“usp(G,E). The
FEisenstein cohomology Hi, (G, E) ranging over the summands indexed by {P} € C,{P} # {G}
exhibits a natural complement to the cuspidal cohomology.

The square integrable cohomology H (*Sq)(G, E) is a natural subspace of H*(G, E). Since cuspidal

automorphic forms are all square-integrable, we have for the summand indexed by {P} = {G} that
Hoo(G, E) = H (*Sq) (mg, Koo; Ap (g} ® E). The remaining part of the square-integrable cohomology
is inside the Eisenstein cohomology, and we may write

Hioo(GE) = @ D Higme Kei Ap (pyo @ E),
{P}GC ¢€¢E,{P}
{P}Y#{G}
with Lg (py s just being the (possibly trivial) subspace of square-integrable forms in Ag (py 4,
the summands on the right-hand side are the images of the map induced in cohomology by the
inclusions Lg (py,¢ < Ag (p},¢-

1.3. Residual Eisenstein cohomology classes. Our goal in this paper is, in the case of a
given group G of low k-rank, to carry through a construction of non-trivial cohomology classes
in H (*Sq)(G, E) which are represented by residues of Eisenstein series whose cuspidal support is a
class of maximal proper parabolic k-subgroups { P} of G. Thereby, we exhibit explicit examples of
non-trivial classes in some of the summands H Eksq) (Mg, Koo; Ap(py,e @ E) in H (*Sq)(G, E). Given a
totally real algebraic number field k the results obtained concern the split classical k-groups Spa/k,
SOs5/k, and SO4/k of k-rank two and the exceptional group Ga/k.

As a result of previous work [23], [24], [56], given a class { P} of associate maximal parabolic k-

subgroups of G, one can describe in detail which types (in the sense of [53]) of Eisenstein cohomology

3We refer to Section 3 for details and unexplained notation.
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classes occur in H*(mg, Koo; Ap (p},¢ ®c E) and how their actual construction is related to the
analytic properties of certain Euler products (or automorphic L-functions) attached to the cuspidal
automorphic representations m one starts with. Furthermore, one can determine in which way
residues of the Eisenstein series in question may possibly give rise to non—trivial classes in the
cohomology of I'. The very existence of these residual Eisenstein cohomology classes is subject to
a quite restrictive set of conditions, a subtle combination of arithmetic and geometric conditions.
The former assure that the Eisenstein series in question has a pole, and the latter are the necessary
conditions for the cohomology class so obtained to be non—vanishing. We refer, for example, to
the results concerning the symplectic group of k-rank n in [23]. In particular, a non-vanishing
condition on the central value of a certain Euler product attached to 7 plays an important role in
this discussion. These L-functions naturally appear in the constant terms of the Eisenstein series
under consideration.

In view of this general situation there are only very few scattered results concerning the actual
existence of residual Eisenstein cohomology classes, e.g. [49], [15], the other ones are all conditional,
subject to conditions on the (non)-vanishing of an automorphic L-function or the existence of a
residue of an Eisenstein series, see [23], [26], [51]. The only case in which the existence of non-trivial
residues of Eisenstein series is unconditional, is the case of the general linear group [47] and its
inner forms [1], [2]. In the case of GL,, the actual existence of non-trivial residual cohomology
classes supported in a maximal parabolic subgroup was treated in [16], see also [28]. In the case
of the inner form GLs(D), D a quaternion division algebra, of GL4/k, the existence of residual
cohomology classes was studied in [25], and for k£ = Q in [27].

Our construction of non-trivial residual Eisenstein cohomology classes for the groups G/k, k a
totally real number field, we deal with relies on three different results regarding the actual existence
of cuspidal automorphic representations m = ®! i 7, of GLz(A) with, on one hand, very specific
local components and, on the other hand, a prescribed analytic behaviour of a specific automorphic
L-functions attached to w. We refer to Section 6 for details.

Firstly, using a result of D. Trotabas [65] regarding the non-vanishing of L-functions attached to
Hilbert modular forms at the central value we derive the following:

Proposition 1.1. Given an irreducible finite-dimensional algebraic representation (n, E) of the
real Lie group Geo = [l ey, Gov with G, = GLa(R) of even highest weight p there exists an
irreducible cuspidal automorphic representation w of G Lo(Ag) whose central character wy is trivial,
whose archimedean components m, in Teo = Quev,, T, are discrete series representations of GLa(R)
compatible with p, and whose corresponding L—function L(s, T, p2) does not vanish at s = 1/2. Such
a representation m of G L2(Ay) contributes non-trivially to the cuspidal cohomology Heg, (G L2, E)
in degree [k : Q.

The other two results regard the existence of specific monomial cuspidal representations of
GLy(Ay) tailored by the needs of the actual construction of residual Eisenstein cohomology classes.
Here is one of them (see Section 6):

Proposition 1.2. Suppose that the highest weight 1 of (n, E) is odd, then there exists an irreducible
monomial cuspidal automorphic representation © of GLa(Ay) which is selfdual with a non-trivial
central character w, and whose archimedean components T, in Too = Quev,, Ty are discrete series
representations of GLo(R) compatible with . Such a representation © of GLo(Ay) contributes
non-trivially to the cuspidal cohomology Hp,s, (G L2, E) in degree [k : Q.
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As an example we now describe in the case G = (G2 one result pertaining to the actual construc-
tion of non-trivial cohomology classes in H, E“Sq) (G, E) which are represented by residues of Eisenstein
series.

1.4. The case G,. Given a totally real algebraic number field k of degree d, let G be the k-split
algebraic k-group of type Gs; the k-rank of G is two. We fix a minimal parabolic k-subgroup Fp
with Levi decomposition Py = LoNy. Let ®, T, A denote the corresponding sets of roots, positive
roots, simple roots, respectively. We write A = {a, as} where oy resp. ag denotes the short resp.
long root; the half sum of the positive roots is pp, = 5a1 + 3aa.

For r = 1,2, the maximal proper standard parabolic k-subgroup Pa\{a,} corresponding to the
subset A\ {a,} of A is denoted by P,, and its Levi decomposition by P, = L,N,, where L, is
the Levi subgroup containing Lg, and N, the unipotent radical. In both cases we have L, & G L.
Observe that the parabolic subgroups P, are self-associate.

Given the irreducible finite-dimensional representation (1, E) of the group G, = Resyq(G2)(R)
in a complex vector space its highest weight can be written as A = (A),,,v € Vo, where ¢, denotes
the embedding £ — R which corresponds to an archimedean place v € V, of k. For the sake
of simplicity we assume that A,, = A, , for all archimedean places v,v" € V. Recall that this
representation originates from an algebraic representation of the algebraic k-group G. We write
A = c1A1 + Ao, with c¢q, co non-negative integers, where A;, i = 1,2, denote the fundamental
dominant weights.

The following result concerns the square integrable cohomology H E“Sq) (may, Koo; Ag (P1o @ E).

Theorem 1.3. Suppose that the highest weight A of the representation (n, E) of G is of the form
A = 1Ay, that is, co = 0. Then there exists a selfdual unitary cuspidal automorphic representation
T of La(A) such that the Eisenstein series E(f,s) attached to m has a pole at s = 3pp, and the
corresponding residue Res,_y2E(f,s) gives rise to a non-trivial class in H*(mg,, Keo; LE (py),¢ ®

E), where ¢ is the associate class represented by ™ ® e(2PPyHry ()

In degree q = 3d, the map in cohomology induced by the inclusion ,CE’{P}#) — AE’{p}7¢ 8
injective so that the residual Fisenstein cohomology space HE"Sq) (may, Koo A, (P}, ® E) does not
vanish.

Remark 1.4. By means of the global theta lifting related to the dual reductive pair (Hg, SL2),
where Hg denotes a suitable orthogonal group containing G as a subgroup, one finds in [45] a
construction of cuspidal automorphic representations which give rise to non-vanishing cohomology
classes in Hp,g, (G, E). The archimedean components of these representations are non-tempered
and correspond to the irreducible unitary representations Aq, (x1) for a suitable character x;. The

classes so obtained are shadows of the residual cohomology classes constructed above.
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obtained within the frame work of the Croatian-Austrian Scientific agreement [HR 17/2014]. A large
part of the work on this paper has been done during several visits of the first named author to the
Erwin Schrodinger Institute in Vienna. He would like to thank the Institute for the hospitality and
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wonderful working environment. Both authors benefited from a stay at the MPI Mathematik in
Bonn in the fall 2014. Some research related to this paper was carried through by the second named
author during a stay at the Department of Mathematics, Ohio State University. He thanks James
Cogdell for his generous hospitality, and the Institute of Mathematics.

Notation and conventions

Let k be an algebraic number field, i.e., an arbitrary finite extension k/Q of the field Q of rational
numbers, and let Oy denote its ring of integers. The set of places of k will be denoted by Vj, and
Voo (resp. Vi) refers to the subsets of archimedean (resp. non-archimedean) places of k. Given
a place v € Vj, the completion of k with respect to v is denoted k,. For a finite place v € V} we
write Oy, for the valuation ring in k,. If the field £ is fixed, we write V = V}, etc.

We denote by A = Ay, (resp. I = I}) the ring of adeles (resp. the group of ideles) of k. There
is the usual decomposition of A (resp. I) into the archimedean and the finite part A = A, x Ay
(resp. I =1 x If).

2. PRELIMINARIES

2.1. The group G. Let G be a connected reductive linear algebraic group over an algebraic number
field k. Fix a minimal parabolic subgroup P, of G defined over k£ and a Levi subgroup Ly of Py
defined over k. Omne has the Levi decomposition Py = LgNy with unipotent radical Ny. By
definition, a standard parabolic k-subgroup P of G is a parabolic subgroup P of GG defined over k
that contains Py. Analogously, a standard Levi subgroup L of G is a Levi subgroup of any standard
parabolic k—subgroup P of G such that L contains Lg. A given standard parabolic k-subgroup P
of G has a unique standard Levi subgroup L. We denote by P = LN the corresponding Levi
decomposition of P over k.

By definition, the adele group G(A) of the group G is the restricted product G(A) = H, - G(ky)

with respect to the maximal compact subgroups G(O,,) C G(ky), for almost all v € Vy. Let G
denote the group Ry p(G)(R) of real points of the algebraic Q-group Ry /q(G) obtained from the
k-group G by the restriction of scalars from k& to Q. Then the locally compact group G(A) is
the direct product of the group G, and the restricted product H;evf G(ky) =: G(Ay). We fix a

maximal compact subgroup K of G(A) subject to the following condition. Since it is of the form
K = [],eyv Kv, where K, is a maximal compact subgroup of G(k,),v € V, we suppose (as we may)
that K, = G(O,) for almost all finite places v € Vy. We write Ko, = [] K, and we write
Kf = H’UGVf KU'
We may assume that the group K is in good position relative to Py, that is, K satisfies the
following requirements:
- G(A) = Py(AK
- given a standard parabolic k-subgroup P = LN of G one has the decomposition P(A)NK =
(L(A)NK)(N(A)NK), and L(A) N K is a maximal compact subgroup of L(A).

UEVOO

2.2. Parabolics, Levi subgroups and characters. Let P be a standard parabolic k-subgroup
of G. Fix the Levi decomposition P = LN where L is the unique standard Levi subgroup of P. We
denote by X*(L) the group of k-rational characters of L. Since L is a connected group, X*(L) is a
free Z-module of finite rank . We put apc = X*(L)®zC. Analogously we put apc = X, (Ar)®zC,
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where X, (Ar) denotes the group of k-rational cocharacters of the maximal k-split torus Ay, in the
center of L. The complex vector spaces apc and dpc are in a natural way in duality with one
another. These spaces come equipped with a Q-structure, given by apg = X*(L) ®z Q and
apg = X«(Ar) ®z Q. Then one has apg ®g C = apc resp. apg ®p C = apc. We also have to
consider the real spaces apr = X*(L) ® R resp. apr = X, (Ar) @ R.

Given a place v € V, a k-rational character x € X*(L) defines an algebraic character x, :
L(k,) — kj. Then the assignment y = (y») — [[, [Xo(¥v)|o defines a continuous homomorphism
L(A) — C*, to be denoted |x|. The group

L' = ﬂ ker|x|
XEX*(L)

is a normal subgroup of L(A). We denote the group of continuous homomorphisms of L(A) into C*
which are trivial on L' by Xp. Let Xg be the subgroup of Xp which consists of those continuous
homomorphisms of L(A)/L! into C* which are trivial on the centre Zg of G. This group plays a
decisive role [as parameter space] in the final construction of Eisenstein series.

The group Xp can also be described in the following way: Given A € Xp there exist char-
acters xi,...,xr € X*(L) and complex numbers $i,...,s, € C such that for all [ € L(A)
A = |[xa1|()* ... |xr|(1)*. This result gives rise to an isomorphism of groups

(2.1) k:apc — Xp.

As in [48, p.7] we put ReXp := k(apr). This can be seen to be the group of continuous homomor-
phisms of L(A)/L! into C* with values in (R*)*.

Given the minimal parabolic k-subgroup Fy of G with Levi subgroup Lg defined over k, let Tj
be the maximal split torus in the centre of Ly. We denote by ®(G,Tp) the set of k-roots of G
with respect to Tp. Given a root o € ®(G, Tp) there is a corresponding coroot, denoted ¢, which
is a one-parameter subgroup of Ty. Note that the choice of the minimal parabolic subgroup Fy
determines in ®(G,Ty) a set of positive roots, to be denoted ®* (G, Ty). We denote by A the set
of simple roots in ®(G, Tp).

Let resp p : X*(Lo) — X*(Tp) be the natural restriction map from Lo to Tp. Then, using
the natural duality (-,-) with values in Z between rational characters of a split torus and one-
parameter subgroups, we can define for every y € X*(Lg) and every coroot ¢ the pairing (x, &) :=
(resy, JTX; &). By R-linear extension this pairing is also defined for all A € ReXp, = ap, r. In the
same way, by C-linear extension, (), &) is defined for all A € ap, c = X, and all coroots d.

Using the isomorphisms ap, g = X*(Lo) ®z R = X*(Th) ®z R we may (and will) interprete roots
as elements of ap, g = ReXp,. In fact, roots are already contained in the underlying Q-structure
X*(Lo) ®z Q.

Now we compare in this context the standard parabolic k-subgroup P = LN as above with
Py = LyNy. The intersection Py N L is a minimal parabolic subgroup of L. We denote by ®(L,Ty)
the set of roots of L with respect to Tp, and we define Al := Ag N ®(L, Tp).

The maximal split torus 77, in the centre of L is contained in Ty. The set ®(G,Ty) of “roots”
of G with respect to T7, is in general not a root system. However, we can identify this set with a
subset of apr = ReXp. Moreover, this set generates this latter space. Now consider the restriction
map

(G, Ty) — ®(G, Ty) U {0};
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it is trivial on ®(L,Tp). The set of non-trivial restrictions of elements in Ay under this map is
denoted by Ar. Observe that Ay, generates dpr as well.

Via the restriction from L to Lo, we identify apr with a subspace of the vectorspace ap, r. If
dgoyR denotes the subspace of ap, g which is generated by ®(L,T), then we have a direct sum
decomposition

(2.2) ap,R = ApR ago,R

In view of the identification ap, g = ReXp,, we identify the elements of ng’R with the set of those
elements in ReXp, which are trivial on the centre of L(A). This latter set is denoted by ReX ]1330 .
Given a pair P C P’ of standard parabolic k-subgroups of G there is a generalization of the
decomposition (2.2). Fix the Levi decompositions P = LN resp. P’ = L' N’ where L resp. L' is the
unique standard Levi subgroup of P resp. P’. We define ®(L’,T7) as the set of “roots” of L' with
respect to T; this is a subset of ®(G,T7). Then we have as above the direct sum decomposition

o o . P!
(2.3) apr = ap/ R D aIP;,]R

where ELQIR is the real subspace generated by ®(L’,T7,). We may identify the elements in the space

ng with the elements in ReXp which are trivial on the centre of L'(A). The set of these elements

is denoted by ReX El.

For a given standard parabolic subgroup P = LN of G one has the Iwasawa decomposition
G(A) = L(A)N(A)K. Then we can define the standard height function Hp : G(A) — apg on
G(A) by |x|(1) = eXHrPUR)> for any character y € X*(L) C apg, where g = Ink, | € L(A),n €
N(A),k € K, is the Iwasawa decomposition of g € G(A). The definition does not depend on the
choice of the Iwasawa decomposition.

2.3. Weyl group. Given the minimal parabolic k-subgroup Py of the connected reductive k-group
G with Levi subgroup Lo defined over k, let Ty be the maximal split torus in the centre of L.
The Weyl group of G is defined to be W := N (To(k))/Za k) (To(k)). The simple reflection in
W which corresponds to a simple root « is denoted by wy. Given w € W, the length ¢(w) of w is
defined to be the smallest number s such that w can be written as a product of s simple refections.

Let P be a standard parabolic k-subgroup of GG. Fix the Levi decomposition P = LN where L
is the unique standard Levi subgroup of P. Let Wp be the Weyl group of L. There exists in any
right coset of Wp in W a unique element w of smallest length in the coset Wpw, [7, 3.9]. Thus,
the projection W — Wp \ W has a canonical splitting. Let W be its image, to be called the set
of minimal coset representatives.

2.4. We denote by Mq the connected component of the intersection of the kernels of all k-rational
characters of GG, and by m¢ the Lie algebra of the Lie group Ry, /qo(Ma)(R). Note that the maximal
k-split torus A¢g in the center of G reduces to the identity if GG is a semi-simple group. In such a
case, mg = Lie(Go). Given a k-parabolic subgroup P we denote by Ap the maximal k-split torus
in the center of the Levi subgroup Lp. We write Ap o, for the group of real points Ry q(Ap)(R)
and A(})y ~ for its connected component of the identity.
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3. AUTOMORPHIC COHOMOLOGY

3.1. The cohomology group. Let Ag denote the maximal k-split torus in the center Zg of
G. We write Ag o for the group of real points Ry /q(Ag)(R). Let (7, E) be an irreducible finite-
dimensional algebraic representation of G in a complex vector space E. We assume that this
representation originates from an algebraic representation of the algebraic k-group G. We suppose
that A%,Oo acts by a character on E, to be denoted by x~!. Let Jg C Z(goo,c) be the annihilator
of the dual representation of E in the center of the universal enveloping algebra U(ge c) of the
complexified Lie algebra of G.

We denote by Vo = Cgp.(G(k)\G(A)) the space of smooth complex-valued functions f of
uniform moderate growth on G(k)\G(A), that is, f € Vi is K-finite, and f resp. its derivatives
have uniformly moderate growth (cf. [48, 1.2.3]) Let Ag C Vi be the subspace of functions
f € Vg which are annihilated by a power of Jg. The space Ag ®c F is naturally equipped with a
(mg, Koo; G(Af))-module structure. We define the automorphic cohomology of G with coeflicients
in F by

(3.1) H*(G,FE) := H*(mg, Koo; Ap ®@c E).

We keep in mind that these cohomology groups have an interpretation as the inductive limit of
the deRham cohomology groups H*(X¢, E) of the orbit space X¢ = G(k) \ G(A)/KxC with
coefficients in the local system given by the representation (7, E'), where C' ranges over the open
compact subgroups of G(Ay).

Two parabolic k-subgroups P and P’ of G are said to be associate if their Levi subgroups are
conjugate by an element in G(k). This notion induces an equivalence relation on the set P(G) of
parabolic k-subgroups of G. Given P € P(G), we denote its equivalence class by { P}, to be called
the associate class of P. Let C be the set of classes of associate parabolic k-subgroups of G.

Given a class { P} € C we denote by Ag ;py the subspace of elements in A which are negligible
along @ for every parabolic k-subgroup @ in G, @ ¢ {P}. The spaces Ag(p}, {P} € C, form a
direct sum, and one has a decomposition Agp = ©pyec Ag (p} as a direct sum of (mg, Koo; G(Af))—
modules. This was first proved in [43], see [6, Theorem 2.4], for a variant of the original proof. This
direct sum decomposition induces a direct sum decomposition

(3:2) H*(G,E)= @ H*(mg,Ko; Ap p} ® E)
{P}eC

in cohomology. The summand in this decomposition of the cohomology H*(G, E) that is indexed
by the full group {G} will be called the cuspidal cohomology of G with coefficients in E, to be
denoted HZ, (G, E). We call the direct sum over the classes {P} € C, {P} # {G}, the Eisenstein

cusp

cohomology of G with coefficients in E, denoted Hp (G, E).

3.2. Decomposition along the cuspidal support. Given a class {P} € C let ¢ = {dg}qge(r)
be a class of associate irreducible cuspidal automorphic representations of the Levi subgroups of
elements of {P} as defined in [16, Section 1.2.]. Observe that the elements of the associate class
are not necessarily unitary. The set of all such collections ¢ = {¢g}qgeqp) compatible with E is
denoted by ®g (py. Given any ¢ € P (py, we let

Apipro =1f €A p | fq € @ Lzuspﬂr(LQ(k) \ Lo(A))y, ® 5(68)}
TEDQ
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be the space of functions of uniform moderate growth whose constant term along each @ € {P}
belongs to the isotypic components attached to the elements m € ¢¢. Finally, we have the following

Theorem 3.1. The automorphic cohomology H*(G, E) has a direct sum decomposition

H'(GE) = @ D H(me K AppysScB)
{P}eC ¢€®PE (p}

where, given {P} € C, the second sum ranges over the set g py of classes of associate irreducible
cuspidal automorphic representations of the Levi components of elements of { P}.

For a proof of this result we refer to [16, Theorem 1.4 resp. 2.3], or [48, Theorem in III, 2.6], where
a different approach to the decomposition of the space of automorphic forms along the cuspidal
support is given.

3.3. Square-integrable cohomology. Let Lg be the subspace consisting of all square-integrable
automorphic forms in Ag. It is an (mg, Koo; G(Af))-submodule and the inclusion L — Ag gives
rise to a map H*(mg, Koo; LE ® E) — H*(mg, K; Ag ® E) in cohomology. It is the image of
this map that we call the square-integrable (automorphic) cohomology and denote by H(*Sq)(G, E).
According to the decomposition of Ag over associate classes of parabolic k-subgroups and along
the cuspidal support, we obtain a decomposition

Ly = @ Lo
{P}eC

= D D Lo

{P}eC ¢€®g, (py

where Lg ¢py, resp. Lg (py,e is just the (possibly trivial) subspace of square-integrable forms in
Ag,(py, resp. Ag (py ¢ Then, the square-integrable cohomology decomposes accordingly into

Hi(G.E) = @D Hyma Ko Ap (py ® E)
{P}eC

= @ @ HEksq)(mGaKoo§AE,{P},¢®E)a
{P}eC ¢€PE (py

where the summands on the right-hand side are the images of the map induced in cohomology by
the inclusions £E,{P} — .AE’{p} and EE,{P},QS — .AE’{p}’¢.

Since cuspidal automorphic forms are all square-integrable, we have for the summand indexed
by {P} = {G} that Lg oy = Ag ¢y and hence HYo (G, E) = H(*Sq)(mg,Koo;AE{G], ® E). The
remaining part of the square-integrable cohomology is inside the Eisenstein cohomology and we
write

HyowoGE) = @ P Hiyme, Ku; Appye® E).
{P}eC ¢€Pp (py
{P}YA{G}
This Eisenstein part of the square-integrable cohomology is often called the residual Eisenstein
cohomology, even though there could be residues of Eisenstein series that are not square-integrable
automorphic forms.
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Our goal in this paper is to construct explicitly examples of non-trivial cohomology classes in
some of the summands H E"Sq) (mg, Koo; Ag (P} ® E) in the residual Eisenstein cohomology for low
rank groups G and a class of maximal proper parabolic k-subgroups {P}.

4. EISENSTEIN SERIES OF RELATIVE RANK ONE

Given an asociate class {P} of maximal proper parabolic k-subgroups of G and a class ¢ =
{0q}qgeqp) € P (py of associate irreducible cuspidal automorphic representations of the Levi sub-
groups of elements of { P} as defined in [16, Section 1.2.], we would like to study the space Lg (p} ¢
in some detail, i.e., to determine its possible constituents. Let ¢ be represented by a cuspidal
automorphic representation 7 @ eMHP0) of L(A), where 7 is a unitary cuspidal automorphic rep-
resentation of L(A) and \ € ReXg whose real part belongs to a suitable positive cone. The space
Lg (py,¢ 1s spanned by the residues of Eisenstein series attached to 7 at the value of its complex
parameter v = X, as these residues are always square-integrable.

4.1. Eisenstein series. Let P be a standard maximal parabolic k-subgroup of G with Levi de-
composition P = LN where L is the unique standard Levi subgroup of P. Then Xg is a one-
dimensional complex vector space. The subset Ap of ®(G,Ty) consists of a unique reduced root
«; it is obtained as a non-trivial restriction of an element in Ag.

Let pp be the half-sum of k—roots which generate the unipotent radical N. As a suitable basis
for apc = C we choose

pp = (pp,&) ' pp,
as in the work of Shahidi [60]. We always identify accordingly s € C with v, = pp ® s € apc.

Let 7 be a unitary cuspidal automorphic representation of L(A).4 We denote by V. the space of
smooth K-finite functions in the m-isotypic component of the space of cuspidal automorphic forms
on L(k)\L(A).

We consider the space W of right K-finite smooth functions f : N(A)L(k)\G(A) — C such that
for every g € G(A) the function f,(l) = f(lg) on L(k)\L(A) belongs to the subspace V; of the
space of cuspidal automorphic forms on L(A), see e.g. [16, Section 1.3]. Then, for f € W;, and
v € X§, and for each g € G(A), one defines (at least formally) the Eisenstein series as

EE(fv)g) = Y ertr0Dig = Y f(g),

YEP(R)\G(K) YEP(R)\G(K)

where f,(g) = f(g)e*+rr-HP9) This Eisenstein series converges absolutely and locally uniformly
in g for all v € Xg whose real part belongs to the positive cone

(4.1) {ve X8| (Rev,a&) > (pp,a) for all a € ®+(G, Tp)}.

4Throughout the paper we mean by a cuspidal automorphic representation of H(A), where H is a reductive
linear group defined over k, an irreducible (b, Koo; H(Af))-module realized on a subspace of the space of cuspidal
automorphic forms on H(k)\H(A) (see [48, Section 1.2.17]).

SWhen computing the Eisenstein cohomology, one considers only the real poles of the Eisenstein series. Hence, we
make the following convention. We assume that 7 is normalized in such a way that the differential of the restriction
of the central character of 7 to A(l]oyoo is trivial. This assumption is just a convenient choice of coordinates, which
makes the poles of the Eisenstein series attached to 7 real. As explained in [16, Section 1.3], it can be achieved by
replacing 7 by an appropriate twist. The twist just moves the poles of the Eisenstein series along the imaginary axis.
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The assignment s — ES(f,vs)(g) defines a map that is holomorphic in the region of absolute
convergence of the defining series and has a meromorphic continuation to all of apc. If v € Xg
is purely imaginary then the Eisenstein series is holomorphic. Because of our normalization its
singularities all lie on the real axis; more precisely, it has a finite number of simple poles in the real
interval

(4.2) {veReX$ |0 < (v,0) < (pp,d)}.

All the remaining poles lie in the region {v € X§ | (Rev,&) < 0}. Given a specific reductive
k-group G and a maximal parabolic k-subgroup P C G, these intervals can be made explicit in
terms of the complex parameter s € C with reference to the coordinate pp.%

The space Ap (py introduced in Section 2 has a two-step filtration defined in [14, Section 6.
However, we use a slight modification as in [16, Section 5.2], [21]. According to the decomposition
of Ag (py along the cuspidal support as in Section 2, it suffices to give the filtration of the spaces

Ag (p},¢» Where ¢ is the associate class of T7® eMHP()) | Then, the filtration is given by Lepye C

E{P},¢» Where Lp (py 4 is the subspace of Ap (py 4 consisting of square integrable automorphic
forms. The space L (py 4 is spanned by the residues at vs = A of the Eisenstein series attached
to a function f such that for every g € G(A) the functions f; on L(k)\L(A) defined above belong
to the m-isotypic subspace of the space of cuspidal automorphic forms on L(A). Those residues are
square—integrable automorphic forms by the Langlands criterion [48, Section 1.4.11]. The quotient
Ag (Pyo /L E,{P},¢ 15 spanned by the principal value of the derivatives of such Eisenstein series at
Vs =

We also consider a subspace of Lg (py 4, to be denoted L (py 41, , spanned by the residues
at poles vs = A of the Eisenstein series Eg( f,vs)(g) attached as above to a fixed (irreducible)
realization V; of a unitary cuspidal automorphic representation 7 of L(A).

4.2. Intertwining operators. If the parabolic k-subgroup P in G is self-associate, the poles
of the Eisenstein series coincide with the poles of its constant term E§(f,vs)p along P (see [48,
Section II1.1.7]). The constant term along P is given by, using the notation fs := f,,,

(4‘3) Eg(f, VS)P(Q) = fs(g) + M(Vs,ﬂ',wo)fs(g),

where wy € W is the unique non-trivial Weyl group element such that wo(Ap \ {a}) C Ag, while
wp(a) is a negative root, and M (vs, m,wp) is the standard intertwining operator defined as the
analytic continuation from the domain of convergence of the integral

(4.4) M (v, m,w0) fo(g) = /N ot ngyin

where Wy is the representative for wy in G(k) N K chosen as in [59]. Away from the poles it
intertwines the induced representation

I(vs,m) = Indjly) (W®e<u3,ﬂp<->>)

{fs _ foelstorHPO) L f e Ww}

I

6The reference for these facts concerning Eisenstein series is [48, Section IV.1].
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and I(v_s, wo(r)), where the action of wg on 7 is given by wo(m)(l) = (i, ‘o) for I € L(A).
Observe that in our notation Indggig includes the normalization by pp, and thus pp does not appear

in the first line but appears in the second line of the above equation.
The poles of the constant term E§(f,vs)p(g) of the Eisenstein series coincide with the poles of

M(V57 ™, wO)fs(g)-

Let 7 & ®!m, be the decomposition into a restricted tensor product, where 7, is a unitary
irreducible representation of L(k,), v € V. At almost all non-archimedean places v € Vy, 7, is
unramified, and we denote by f;v the unique K,—invariant vector in I(vs,m,) normalized by the
condition f¢,(e) =1, where e is the identity in G(k,). Let S be the finite set of places v € V of k
which contains all archimedean places and such that for v ¢ S we have G(k,) is unramified and
is unramified. For v ¢ S, by [41, Section 5], the standard local intertwining operator M (vs, m,, wp),
defined as the analytic continuation of the local analogue of the integral (4.4), acts on fy,, as

M (vs, my, wO)f;v = 7(Vs, Ty, wo)fgs,va
where r(vg, Ty, wp) is the local normalizing factor given as a certain ratio of local L-functions, and
f2s. is the normalized K-invariant vector in I(v_g, wo(my)). Given a place v ¢ S we write

M(l/sa T, ?,U(]) = T(V& , wO)N(VSa T, ’UJO)

where N (vs, m,wp) is called the normalized intertwining operator.

If fo = ®y fs,v is decomposable, let T'(f) be the finite set of places which contains all archimedean
places Vi and such that fs, = f¢, for all v € V; \ T(f). Then the global standard intertwining
operator acts on fs as

M(”& T, wO)fs =

1 (vs, m,w0) | (@ues M (Vs, To, w0) fo) @ (Ruer(pi\s N Vs, T, w0) fsn) @ (®ugr(p) fosn) |
where
(4.5) 7 (vs, m,w0) = H 7 (Vs, Ty, Wo)
vgS
is a certain ratio of partial L-functions attached to .
4.3. The case of a quasi—split group. We now suppose that the k-group G is quasi-split. In

[62], the local normalizing factors r(vs,m,, wp) are defined at all places for a globally -generic
representation 7. Let N (vs,m,, wp) be the local normalized intertwining operator defined by

M(V57 7Tv7w0) = T(V377rva wO)N(Vs’ﬂ'vva)-

It intertwines the induced representations I(v,, 7,) and I(v_s, wo(7,)). Note that at a place v € V;

where 7, is unramified N (v, 7, wp) maps fg, to f°,,. Hence,
2 7

(4.6) M (vs, 7, wo) fs = 7(vs, T, w0) [@yer(py N (Vs; T, wo) fow] @ [&gT(f)fis,v] :

where
7’(1/5, T, U}()) = H 7'(1/5, Ty ’lU())
veV
is the global normalizing factor given as a certain ratio of automorphic L-functions attached to .
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Given a fixed connected reductive algebraic k—group, a maximal parabolic k-subgroup P C G
with Levi decomposition P = LN, and a unitary cuspidal automorphic representation of L(A) this
ratio can be made explicit under the assumption that 7 is global generic with respect to some 1;
see the examples below.

4.4. L-functions. Given a connected algebraic group H defined over k we denote its L-group by
LH. It is the semidirect product of a complex group “H° and the absolute Weil group W (k/k),
where k denotes the algebraic closure of k. For every place v € V of k let “H, denote the L-group
of H viewed as a group over k,. There is a natural homomorphism ¢, : L, — LH. TLet r
be a finite-dimensional complex representation of “H. Given v € V, there is the representation
Ty =T 01y of LH,.

Let 7 & ®/ 7, be an irreducible unitary representation of G(A), G a connected reductive group
defined over k. Given a place v € V so that G(k,) and 7, are both unramified at v there is the
local Langlands L—function L(s,m,,r,) attached to m, and r, with complex parameter s, see [41].
Let S be a finite set of places containing Vi, so that for every v ¢ S the group G(k,) and m, are
both unramified at v. Then one can define the global partial L—function by the infinite product

LS(s,m,7) := H L(s,my,7v);
vgS

it is absolutely convergent for Re(s) sufficiently large and can be analytically continued.

Given a parabolic k-subgroup P = LpNp of G we denote the Lie algebra of the unipotent radical
LNp of the L-group “P by ‘np. The L-group of Lp acts on “np by the adjoint action. If 5 ranges
through the set of dual roots for which X, € Lnp holds then the numbers (pp, 5) take a string of
integers from 1 to a positive integer m. For a given j, 1 < j < m, we define

Vi = {Xz € np | (op, B) = j}.

For each j the adjoint action of the L-group of Lp on “np leaves the space Vj stable; the cor-
responding representation on V; obtained by restriction is denoted by r;. This representation is
irreducible.

Then the ratio of partial L-functions ocurring in the formula (4.5) has the following form
< Ls(j37 ™, Tj)
e LS(js+1,m,rj)

TS(VSa T, ’(UO) =

Given G and a maximal parabolic subgroup P of G, the representations r;,7 = 1,...,m, and
the types of the corresponding partial L-functions L (s,m,1j) are determined by Langlands in [41],
see also [60]. Later on we will give explicit examples.

5. CONSTRUCTION OF EISENSTEIN COHOMOLOGY CLASSES

Given an associate class { P} € C, represented by P = LN, of maximal parabolic k-subgroups in
G and a class ¢ = {ng}Qe{ py of associate irreducible cuspidal automorphic representations of the
Levi subgroups of elements of { P}, we now analyze the actual construction of cohomology classes
in the corresponding summand

H*(mg, Keo; Ag (p},e ©c E)
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in the direct sum decomposition of the automorphic cohomology of G. Since all our examples
in the rest of the paper are split groups, from this point on we always assume that G is split
over k. Suppose ¢ € P (py is represented by m ® eMHP() e ¢p, where m is an irreducible
unitary cuspidal automorphic representation of the Levi subgroup L(A) and A\ € ReXICj. Let w
be realized on the subspace V; of the space of cuspidal forms on L(A). By carrying through the
construction of residues or derivatives of Eisenstein series attached to (m, Vy) (as in [46], Section
3), the corresponding contribution to H*(mg, K, Ap,(p},¢ @c £) is embodied in the cohomology

. Gl ), 4(0.Kw0) oe
H (mc, Koo Indip(y/nd®0) (VW®E®S(aRC))),

where S (ﬁIGJ’C) is the symmetric algebra of dg}c with the (mg, Ko )—module structure as defined on
page 218 of [14] (see also Section 3.1 of [46]).
Using Frobenius reciprocity, the study of this space is reduced to an analysis of the G(A y)-module

(5.1) Indip( /) H* (1, Koo N Logs Ve @ H*(n, E) @ S(&fic))

Following Kostant ([38], Thm. 5.13), the Lie algebra cohomology H*(n, E') of n with coefficients in
the irreducible representation (7, E') of G is given as a ([, Koo N Loo)—module as the sum

D 5.

weWF

where the sum ranges over w in the set W of the minimal coset representatives for the left cosets
of W modulo the Weyl group Wp of the Levi factor L of P, and F),, denotes the irreducible
finite-dimensional ([, K N Lo, )—module of highest weight

(5.2) Hw = w(A + PPO) — PPy

where A € ap, ¢ is the highest weight of (7, E)). The weights p,, are all dominant and distinct and,
given a fixed degree ¢, only the weights p,, with length ¢(w) = ¢ occur in the decomposition of
H(n, E) into irreducibles. As in [53, Section 3.2], we call a cohomology class in (5.1) which gives
rise to a non—trivial class in

H* (I, Koo N Loo; Va, ® F,,)

a class of type (m,w), w € WP. If the infinitesimal character y,. of the archimedean component
Teo Of ™ does not coincide with the infinitesimal character of the representation contragredient to
F,.,,, the cohomology space H* (I, Koo N Loo; Vo, ) vanishes, that is, there are no classes of
type (m,w). .
Moreover, if the module F,,, 1s not isomorphic to its complex conjugate contragredient F',  then
H* (I, Koo N Loo; Vi, ) = (0), since this condition implies that the complex contragredient of
F,,, and V; have d1st1nct infinitesimal character. Following [4, Section §1], F}, 2 F* is equivalent
to the condition that —w; L(,uw‘ ) is distinct from uw‘ T where wy , is the longest element in

the Weyl group Wp of the Levi component L. We recall that the transformation —w; ;, maps the
highest weight of an irreducible [c-module into that of the contragredient one.

Suppose there is a non-trivial cohomology class of type (m,w), w € W¥. In order to understand
the cohomological contribution of the corresponding Eisenstein series Eg( f,vs) or a residue of
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such in H*(g, Koo; Ap (P}, @c E), following [53, Corollary 3.5], we have to analyze the analytic
behaviour of EG(f,vs) at the point

(5.3) Aw] = —w(A+ ppy)|

apRr
This evaluation point is real and uniquely determined by the datum (7, w). It only depends on
w and the highest weight A € ap, c. As a consequence of the description of the space Ag (py 4
of automorphic forms in Section 1.3 of [16], only the points Ap,) with (Aj,), &) > 0 matter in our
analysis. In other words, it suffices to consider only the evalution points A, such that in the basis
pp of apc we have A\, ) = A5, = pp @ sy With s, > 0.

In the following, under the assumption that H* (I, Koo N Loo; Vi, ® F),,,) is non—trivial for a
given {P} € C, and a pair (7, w), we make explicit the two necessary conditions this assumption
implies by the discussion above, namely:

)
Py,R

- o )
aP p

(54) —wr,L (:uw

%Py, R
and the infinitesimal character x ., of T is of the form
(5.5) Xro = —wW(A+pp)|
%Py,R

6. CONSTRUCTION OF SPECIFIC CUSPIDAL AUTOMORPHIC REPESENTATIONS OF GLo(Ay)

6.1. Existence. One can use the Langlands functoriality principle to construct specific cuspidal
automorphic representations for the genereal linear group G Ly (or variants thereof) over a given to-
tally real algebraic number field £ such that these representations give rise to non—vanishing classes
in the cuspidal cohomology He,(G Lz, E) = Hi (MG, Kooy Ap {arL,y ® E) with a suitable coef-
ficient system F. This result can be extended to cases of the group G Ly defined over an extension
k" of k where the base change lift is well understood, for example, an extension k’/k of cyclic prime
degree. This non-vanishing result relies on the fact that there always exist cuspidal automorphic
representations of GLa(Ay) whose archimedean components are discrete series representations of
GLy(R) and which is special at a given finite number of places v € V7, i.e., its local component at
v € Vy is the Steinberg representation. Then the base change lift is compatible with cohomology.
This result is obtained by inserting so-called pseudo-coefficients in the Selberg trace formula, see
40, 2.5].

Another approach dates back to work of Chevalley [9] and Weil [70]; it is used in combination
with automorphic induction by Clozel in [10].

These general results are not sufficient for our purpose. It is decisive to exhibit cuspidal automor-
phic representations of GLs(Ay) which are cohomological, have specific prescribed local and global
behaviour, the latter encoded in its automorphic L-function. In view of this task it is necessary to
recall some facts which are part of the classification of irreducible admissible (gly(R), O(2))-modules
[cf. [30] or [8, Chap. 2]].

6.2. Discrete series representations. Given an integer m > 2 we denote by D,, the discrete
series representation of GLa(R) of lowest O(2)-type m, i.e., the square—integrable representation
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D,, is characterized by the fact that the restriction to the maximal compact subgroup O(2) of
GLy(R) decomposes as an algebraic sum of the form

Do) = @ V(r), Y(m)={l€Z|l=mmod2,l >m},
reX(m)

where V(r),r > 2, is the irreducible two-dimensional representation of O(2) fully induced by the
character kg — €% of the subgroup SO(2) of rotations kg, 6 € [0, 27] in O(2) of index two.

The discrete series representation D,,, naturally appears as the unique irreducible subrepresenta-
tion of the representation /(m) induced from the character |- |mTilsignm ®]- |7m771 of the maximal
split torus in GLg(R). The quotient is irreducible and finite-dimensional. More precisely, in terms
of the underlying (gly(R), O(2))-modules, one has a short exact sequence

0— Dy, — I(m) — Fpg — 0
where (o, F), k > 0, denotes the irreducible finite-dimensional representation of G Ly (R) of highest
weight ur = k- w [ w denotes the fundamental dominant weight of GLa(R)], thus, dim Fj, = k + 1.
Consequently, the infinitesimal characters of the representations D,,, and Fj,,_o match. With regard
to relative Lie algebra cohomology one has H(mgy,r), O(2); Dm® F—2) = Cif ¢ = 1, otherwise it
vanishes. In general, given a finite-dimensional representation (o, Fj), k > 0, of GLy(R) of highest
weight ug, the relative Lie algebra cohomology

H*(mgr,®), O(2); Dm @ Fy)

vanishes if £ # m—2 since the infinitesimal character x p,, differs from the one of the contragredient
representation of (oy, Fy).

Finally, one observes that in this labelling of the discrete series representations of GL2(R) the
Harish-Chandra parameter of D,,,m > 2, is m — 1.

6.3. A result of Trotabas. Let k be a totally real algebraic number field of degree [k : Q] = d,
and let ¢ C Ok be a prime ideal in its ring of integers. Let m = mo, ® 7y be an irreducible unitary
cuspidal automorphic representation of GLa(Ay) with trivial central character w,. Given a d—tuple
k = (k1,...,kq) of even non-zero integers ki,...,kq we denote by D(k,q) the set of irreducible
cuspidal automorphic representation of GLy(Ay) (up to infinitesimal equivalence) so that

d
Too = ®j=1 Dy,

where Dy, denotes as above the discrete series representation of GLy(R) of lowest O(2)-type k;
and so that 7 corresponds to a cuspidal Hilbert modular form of conductor q. Given x and q, the
set D(k,q) has finite cardinality.” We observe that for any &, there exists q such that D(k,q) is
non-empty.

In the classical setting these are cuspidal automorphic representations associated to cuspidal
Hilbert modular forms of weight «, trivial Nebentypus and level g.

The following result in due to Trotabas [65]:

Theorem 6.1. Given a d-tuple k of even non-zero integers the following estimate for q ranging
over the prime ideals in Oy, k a totally real algebraic number field, is true

"We mnote that the labelling of the discrete series representation in [65] is via the corresponding Harish-Chandra
parameter, thus it differs from the one used in this paper.
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e D) [ LT 20} 1
im inf > -,
N(q)—o0 D(k, q)] 4
where L(s,m, p2) = L(s, ) is the principal L-function.

We can derive the following result regarding the existence of cuspidal automorphic representations
of GLy(Ay) which provide non-trivial cohomology classes in the cuspidal cohomology

H:usp(GLQ, E) = H*(mGLQ,KOO; AE,{GLQ} ® E) = HEksq)(mGLgv K AE,{GL2} & E)

Recall that (7, E) is an irreducible finite-dimensional algebraic representation of G L2 o in a complex
vector space . We assume that this representation originates from an algebraic representation of
the algebraic k-group GLsy. Its highest weight can be written as u = (u),,,v € Voo, where ¢, denotes
the embedding k& — R which corresponds to v € V. Each of the weights (u),, is of the form kyw,,
ky, € Z,k, > 0, where w, denotes the fundamental dominant weight of the group G, = GLs(R),
v € V. A weight pu is called even if all integers k,,v € V. are even.

Given a highest weight = (u),,,v € Vi, we say that a family { Dy, }, k, € Z, k, > 2, of discrete
series representations of G Ls(R), parametrized by v € Vi, is compatible with w if (1), = (ky—2)wy
for all v € V.

Proposition 6.2. Given an irreducible finite—dimensional algebraic representation (n, E') of the real
Lie group Goo = [[,ey,, Go with Gy = GL2(R) of even highest weight p there exists an irreducible
cuspidal automorphic representation m of GLa(Ay) whose central character wy is trivial, whose
archimedean components m, in To = Qmy, v € Voo, are discrete series representations of GLa(R)
compatible with 1, and whose corresponding L—function L(s,w, p2) does not vanish at s = 1/2. Such
a representation m of G La(Ay) contributes non-trivially to the cuspidal cohomology Hg, (G L2, E)
in degree [k : Q.

6.4. Monomial representations. We study now the existence of monomial cuspidal automor-
phic representations with a given cohomological archimedean components. By definition, a unitary
cuspidal automorphic representation 7 of GLo(Ay) is monomial if there exists a non-trivial Hecke
character § of the group of ideles Il such that

TR =T,

Comparing the central characters, it follows that J is quadratic.

Monomial representations arise by automorphic induction from a Hecke character of a quadratic
extension of k. Let K/k be a quadratic extension of number fields. For a unitary Hecke character
6 of the group of ideles [ of K, let 7(6) be the automorphic induction of 6 to GL2(Ag). It is
defined by 7 (0) = ®@)7(0),, where

e if v splits in K, then 7(0), is the principal series representation of GLy(k,) induced from
the character 0,,, ® 0,,, of the torus, where w; and wy are the two places of K above v;

e if v does not split in K, then 7(6), is the local automorphic induction of ,, to a represen-
tation of GLy(k,), where w is the unique place of K lying above v.

The following theorem is contained in Arthur—Clozel [3, Sect. 3.6] (see also [30] and [39]).

Theorem 6.3. Let K/k be a quadratic extension of a number field k, ¢ the unique non-trivial
element of the Galois group Gal(K/k), and § = g, the quadratic character of Iy, attached to the



CONSTRUCTION OF SQUARE-INTEGRABLE CLASSES 19

extension K /k by class field theory. Let 0 be a unitary Hecke character of Lic. Then the automorphic
induction w(0) of 0 is an automorphic representation of GLo(Ay) and

7(6) © 5= x(0),

in particular, 7(6) is monomial. Moreover, w(0) is cuspidal if and only if 0 # 6°, i.e., 6 does
not factor through the norm map Ny from K to k. Conversely, for any monomial cuspidal
automorphic representation m of GLa(Ay) such that @ ® S, = m, there exists a unitary Hecke
character 0 of Iic such that ™ = w(6).

We are now in position to show the existence of monomial representations with a given discrete
series representations at all archimedean places. These are required to show the existence of non-
trivial cohomology classes in the square-integrable cohomology in some of the cases. We retain
the notation of the previous subsection. In particular, k is a totally real number field of degree

[k:Q] =d.

Proposition 6.4. Given an irreducible finite-dimensional algebraic representation (n, E) of the real
Lie group Goo = [[,ey.. Gv with Gy = GLa(R) of highest weight p = (kwy),, where k € Z, k > 0,
there exists an irreducible cuspidal automorphic representation w of GLo(Ayg) which is monomial
and whose archimedean components T, in Too = Ryev, Ty are discrete series representations of
GL2(R) compatible with . Such a representation m of GLa(Ay) contributes non-trivially to the
cuspidal cohomology HZ,s,(G L2, E) in degree [k : Q).

Proof. According to Theorem 6.3, to construct a monomial cuspidal automorphic representation
of GLa(Ay), it is sufficient to find a unitary Hecke character € of the group of ideles Ix of a
quadratic extension K/k such that 7(#) has the required properties. More precisely, 6 should not
factor though the norm map N/, and all the archimedean components of ¢ should give by local
automorphic induction 7(f), compatible with kw,,, that is, 7(0), = Dj1o. The latter requirement
implies that K/k is necessarily an imaginary quadratic extension, since the discrete series Dy o
can be obtained only if all archimedean places of k do not split in K.

The discrete series Dy o of GL2(R) corresponds, via the local Langlands correspondence, to the
two-dimensional irreducible representation of the Weil group Wgr obtained by induction from the
character of W = C* given by the assignment

P k+1
z <> , z¢eCr

2|

where |z| = v/z - Z. Hence, Dy, is the local automorphic induction of that character, and we must
construct a unitary Hecke character 6 of [ with that character as the archimedean component at all
archimedean places. The condition that ¢ does not factor through the norm map N/, immediately
follows, because it is equivalent to the condition 6 # 6¢, where c¢ is the unique non-trivial element
of the Galois group Gal(K/k), and this is obvious for the archimedean components.

The existence of a unitary Hecke character 0y of I with all the archimedean components given
by the assignment

ZH%’ z e Cr,

is well-known. See [10, p. 479], and also [70]. Hence, if we let @ = 05, it is a unitary Hecke
character of I with all the required properties. O
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However, in some cases the previous result is not sufficient. We need to show the existence
of a unitary cuspidal automorphic representation m of GLy(Aj) such that the symmetric square
L-function L(s, 7, Sym?ps) has a simple pole at s = 1. From the formula

L(s,m @, p2 @ p2) = L(s, 7, A’ p2) L(s, m, Sym®pa) = L(s,wx)L(s, 7, Sym®ps),

where w; is the central character of 7, it follows that this happens if and only if 7 is selfdual with w,
non-trivial. Since the contragredient ™ = 7 ® w,, such 7 is necessarily monomial with 7 ® w, = 7.
We now show the existence of such monomial representations m with a prescribed cohomological
archimedean components.

Proposition 6.5. Given an irreducible finite-dimensional algebraic representation (n, E) of the real
Lie group G = Hvevoo Gy with Gy = GL2(R) of highest weight p = (kwy)e,, where k € Z>g, k
odd, there exists an irreducible cuspidal automorphic representation m of G La(Ay) which is selfdual
with a non-trivial central character w, and whose archimedean components m, in Moo = QyeV,, Ty ATE
discrete series representations of GLa(R) compatible with pu. Such a representation m of GLa(Ay)
contributes non-trivially to the cuspidal cohomology Hyg,(GLa, E) in degree [k : Q.

Proof. As already mentioned before the statement of the theorem, m with the required properties
is necessarily monomial. Hence, by Theorem 6.3, it is an automorphic induction m(f) from a
character 6 of a quadratic extension K /k which does not factor through the norm. Since the goal
is to construct a selfdual monomial representation m with non-trivial central character, so that
T ® wy = m, we actually need a character 6 such that the central character of 7(6) is the same as
the character dx/;, associated to the extension K /k by class field theory. Moreover, at archimedean
places 6 should be such that 7(0), = Dj9, in particular, K/k should by an imaginary extension.

Given an imaginary quadratic extension K /k, we first construct a character 6y of I such that
its archimedean components are given by the assignment

z
2 —, zeC",

N
and the restriction of f to I} equals the character Jx/;, associated to K/k by class field theory.

This is more subtle then in the previous theorem, but can be arranged by [13, Lemma 3.5].
Let 6 = 05“. Then the archimedean components of 6 are given by the assignment

P k+1
Z = <||> y A (C*,
z

so that 7m(0), = Dyyo at all archimedean places v, as required. In particular, looking at the
archimedean places, clearly 6 does not factor through the norm. Moreover, by [5, Sect. 29.2], the
central character of the automorphic induction is given by the formula

Wr(o) = Orc sk - Oy, -
Since
k+1
Q‘Hk = (90‘]1]9) = 6];(7/];:7

and k is odd, we obtain that wyg) = dx /. Hence, by Theorem 6.3, m(0) @ wy @) = 7(0), that is,
() is selfdual with non-trivial central character. O
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Remark 6.6. Note that for k£ even in the previous proposition, the representation « with the re-
quired properties does not exist. This is due to the fact that such 7 is necessarily a monomial
representation, that is, obtained by automorphic induction from a character 6 of I, where K/ is
the quadratic extension associated to w; by class field theory. However, the archimedean compo-
nents of such 7 are supposed to be discrete series representations Dy, so that K/k is imaginary
extension and thus archimedean components of w, are non-trivial. On the other hand, if & is even,
then Do has trivial central character, which is a contradiction.

7. THE GROUP Gy

7.1. Roots, weights and parabolic subgroups of G». Given an algebraic number field £ there
is a uniquely determined Cayley algebra defined over k with divisors of zero; it is called the split
Cayley algebra C over k ([52, Lemma 3.16]). The norm form of C' is non-degenerate. Let G be the
group of automorphisms of C. The Lie algebra of GG, by definition, the derivation algebra of C'is a
central simple Lie algebra of dimension 14; its type is Go. The group G is a simple algebraic group
defined over k; it is split over k. The k-rank of G is two.

We fix a minimal parabolic k-subgroup Py with Levi decomposition Py = LoNy. Let &, &, A
denote the corresponding sets of roots, positive roots, simple roots, respectively. The set ®* can
be described as &+ = {a1, ag, a1 + a9, 20 + g, 3 + a2, 31 +2a } where g resp. g denotes the
short resp. long root; one has A = {a1,as}. The half sum of the positive roots is pp, = by + 3as.

The fundamental dominant weights are A; = 2a;1 + o and Ao = 3a; + 2a3. One observes that
pp, can also be written as A; + Aa.

For r = 1,2, the maximal proper standard parabolic k-subgroup Pa\{q,} corresponding to the
subset A\ {a,} of A is denoted shortly by P,, and its Levi decomposition by P, = L, N,, where
L, is the Levi factor containing Lo, and N, the unipotent radical. The characters of Ly in N,
are exactly those positive roots which contain at least one simple root not in A\ {a;,}. In both
cases we have L, =2 GLy. Observe that the parabolic subgroups P, are self-associate, i.e. P, itself
is the only standard parabolic subgroup which is associate to P, (see Section 1.6). However, P,
is conjugate to its opposite parabolic subgroup P-PP by a representative of the unique non-trivial
Weyl group element wy € W with the property that wo(A \ {a.}) C A.

If P. = L,N,, r = 1,2, is one of the two maximal proper standard parabolic k-subgroups of G
we identify the roots of Ap in N, with a subset of ®. Then the unique reduced root of Ap, in
N, can be identified with the element o, € A in the set of simple roots. Let pp. be the half-sum
of k-roots which generate N, [or, equivalently, of positive roots which are not the positive roots of
L,]. Following the work of Shahidi [60] we choose as a suitable basis for ap, ¢ = C the element

pp, = (pp,. d) " pp,,
We obtain, as already observed in [45],

~ 2 ~ 2
PP = pp =201+ 02, pp, = 5pp, = 301 + 20,

We always identify accordingly s € C with v, = pp, ® s € ap, c. Note that pp, coincides with the
first fundamental weight A;, and pp, coincides with the second fundamental weight As.

7.2. Classes of type (7, w), w € WF. Given a maximal parabolic k-subgroup P, r = 1,2, of Go
we are going to analyze which types (7, w), w € W occur. First, this amounts to determine the
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Lie algebra cohomology H*(n,, F) of n, := np_ with coefficients in the irreducible representation
(n, E) of Goo. As explained in Section 5 it is given as a ([, Ko N Ly oo )-module as the sum

H*(n.,E)= P Fp,

weWFr

where the sum ranges over w in the set W of the minimal coset representatives for the left cosets
of W modulo the Weyl group Wp, of the Levi factor L, of P, and F},, denotes the irreducible
finite-dimensional (I, Koo MLy o )—module of highest weight 11, = w(A+pp,) —pp,, where A € ap, ¢
is the highest weight of (n, E).

As already determined in [45, 6.2.], the set W r =1,2, of representatives for the right cosets
Wp, -w in W characterized by the condition that the minimum of the length function ¢ on Wp, - w
is attained on W N Wp, - w, and only on that element. Let w, denote the simple reflection
corresponding to «,. One has

P
W = {1, w1, wiwe, wwowy, Wi WrwW W2, Wp, },

P
W2 = {1, wa, waw, wawiwa, Waw wWawi, Wp, }

where wp, denotes the uniquely determined longest element (of length 5) in Wr.

It is useful to parametrize the maximal k-split torus Lo in two convenient ways, the first one
will be adjusted to the short root i, the second one to the long root as. We define (as in [71])
t: k*xk* — Lo by the assignment (a, b) > t(a, b) such that oy (t(a, b)) = ab™!, as(t(a,b)) = a~1v?.
The other positive roots take the following values on t(a,b) in this parametrization:

(a1 + a2)(t(a,b)) =b, (200 + a2)(t(a,b)) = a,
(3ay + a9)(t(a, b)) = a*b™,  (3a1 + 2a2)(t(a,b)) = ab.

The second parametrization, denoted by ¢’ : k* x k* — Ly, is given by the assignment (a,b) —
t'(a,b) such that ai1(t'(a,b)) = b, aa(t'(a,b)) = ab~!. In this parametrization the other positive
roots take the following values on t'(a,b):

(a1 + a2)(t'(a,b) = a, (201 + a2)(t'(a,b)) = ab,

(3a1 + ao)(t'(a,b)) = ab®,  (3ay + 2a2)(t'(a,b)) = a?b.

As already indicated in [45, 7.4, 7.5], the elements of length 3 in W¥* are the ones which matter
for a possible existence of residues of Eisenstein series [see also below].

Proposition 7.1. Let A = c1 A1+ caAy be the highest weight of the algebraic representation (n, E),
where c1,co € Z,c1,c9 > 0. For the element wiwow, € wh of length 3 the highest weight fiy, wow, =

wiwaw (A + pp,) — pp, of the (I, Koo N L1,00) module Fy,, .., is given by
(2c2 4+ ¢1 4+ 2)w
where wy denotes the fundamental dominant weight for L.
Proof. For the sake of notational brevity we write in this computation v; := wiwsw;. First, for

the action of v1, we have the general formula [see also [48, Appendix III, p.299]], vi(zA2 + yA1) =
(2z + y)A2 + (—3x — 2y)A1, z,y € Z. Thus, using the identity pp, = A1 + A2, we obtain

to, = v1(A+ pp,) — ppy, = (2c2 + 1 + 2)Aa + (—3c2 — 2¢1 — 6) A4
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Now we use the second parametrization ¢’ : k* x k* — L which is adjusted to the long root aw,
the unique simple root of L. The fundamental dominant weight for L; in this parametrization is

given by
1
wit'(a,b) = Saa(t'(a,b)) = azb 2.
As alluded to above, A1 = 21 + a9 and Ay = 3a1 + 2a5. Hence it follows that
—c1—6

oy (F(a, b)) = (a2b™2) %2042 (gh) =
Thus, the highest weight of the Li-module in question is (2¢2 + ¢1 + 2)wy.

Proposition 7.2. Let A = c1 A1+ caAy be the highest weight of the algebraic representation (n, E
where c1,co € Z,c1,co > 0. For the element wowiwy € W of length 3 the highest weight fiyyw,w,

wowywa(A + pp,) — pp, of the (Iz, Koo N La.o) module F,

Pwgwywy 1S givEN DY

(362 + 2¢1 + 4)(,02
where wy denotes the fundamental dominant weight for Lp,.

Proof. With regard to the action of vy := wowjws in W2 we have
vo(zAg +yA1) = (=22 — y)As + (3z + 2y)A;.

Thus, we obtain

oy = UQ(A + PPO) — PPy = (—262 —c] — 4)A2 + (362 + 2¢1 + 4)A1.

We use the parametrization ¢ : k* x k* — Ly which is adapted to the short root aj.

fundamental dominant weight for Lo in this parametrization is given by
1
wa(t(a,0)) = Sau(t(a,b)) = azb 3.
In terms of this parametrization we see

Lo (t(a, b)) — (ab)—262—01—4 . a302+261+4 — acg+c1 X b_262_cl_4.

o — —2¢co—c1—4 .
= 4 _ (02+Cl)+(2 c2=e1=4) wo can write

Using the identity

Hovo (t(a, b)) = (ab)%% . (a%b*%)302+201+4‘
Thus, the highest weight of the Lo-module in question is (3ca + 2¢1 + 4)ws.

— O

The

0

In turn we also have to determine, in terms of the complex parameter s € C corresponding to
Vs = pp, ® s € ap,c, r = 1,2, the point of evaluation for an Eisenstein series which is attached
to a cuspidal cohomology class of L, of type (m,w), w € WFr f(w) = 3. This point is given by
—w(A + pp,) € ap, ¢, obtained by restriction to ap, ¢. If (1, E) is the trivial representation this

computation was done in [45, 6.2].

Proposition 7.3. The point of evaluation for an Fisenstein series which is attached to a cuspidal

cohomology class of L, of type (m,w), w € W, f(w) = 3 is given

(1) in the case Py by —wiwowy (A + ,Opo)‘apl,(c = %ﬁpl.

(2) in the case Py by —wowiwa(A + pPo)\dPQ,c = CQ;'lﬁpz.
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Proof. In the case of the maximal parabolic P, we obtain
—wiwawi (A + pp,) (' (a,b)) = (a?b)~22=173 . (gh)3ezt2ath — gmc2=l . peatert2)
Recall that ab = A1(t'(a,b)) and A1 = pp,. By rearranging the last formula we get
atl
2 A

.3 1 3
5 —C2 2-b2+02+2.

—wiwowy (A + pp,)(t' (a, b)) = (ab)
c1+1~

It follows that the restriction of —wiwowi(A + pp,) to ap, c is given by 5 PPy
In the case of the maximal parabolic P, we obtain

—w2w1w2(A + ppo)(t(a, b)) _ (ab)202+cl+3 X a—302—2c1—5 — a—cz—cl—Q X b2cz+c1+3'

Recall that ab = Aa(t(a,b)) and Ay = pp,. By rearranging the last formula we get

co+1 3co
- a

fw2w1w2(A + ppo)(t(a, b)) = (ab) 2 _T—Cl—g b

It follows that the restriction of —wowiwa(A + pp,) to ap, ¢ is given by %ﬁpy O

3co 5
) +Cl+§ .

7.3. Residues of Eisenstein series. In our discussion of possible residues of the Eisenstein
series attached to cohomological cuspidal automorphic representations of the Levi components of
the maximal parabolic k-subgroups of the group Ga we follow the general outline of Section 4.
Firstly, given a maximal parabolic k-subgroup P, r = 1,2, of G2, we are going to describe the
adjoint action of the dual group GLo(C) of the Levi component L,, r = 1,2, on “n,.

Let pa2 denote the 2-dimensional standard representation of GLy(C). Then the exterior square
A2ps is the 1-dimensional representation of G Ly(C) given by det po. Let Sym3py denote the 3rd
symmetric power representation of ps. Then the 4-dimensional representation r° = Sym3ps ®
(A2p2)~ ! is called the adjoint cube representation. As determined in [41] resp. [61, p. 268], the
adjoint action of the L-group GL2(C) of Ly on Lny decomposes as r1 @1y = 1° & /\2p2 whereas the
adjoint action of the L-group G'La(C) of Ly on Iny decomposes as 11 @ra@rs = pa®A2pa®[pa@A2pa).

Thus we obtain for the global normalizing factor in question in the case P; the expression

LS<377T7TO) LS(2877T7 /\2PQ)
LS(s+1,mr°) L9(2s+1,m,A2%ps)’
In the case of the maximal parabolic k-subgroup P> we obtain the expression
7,5'(” - wO) _ LS(S77T)p2) . LS(2S77T) /\292) . LS(3577T>/72 @ /\202) )
v L3(s+1,m,p2) L%(2s+1,m,A2p2) L5(3s+ 1,7, p2 @ A2pa)

TS(”S? T, ’l,U()) =

Here L(s,m,A%py) = L(s,w;,) is the Hecke L-function attached to the central character w,, and
L(s,m, p2 @ A2py) = L(s,m™ ® wy, p2) the principal L-function attached to 7 twisted by its central
character w;.

Proposition 7.4. Let P be a maximal parabolic k-subgroup with Levi decomposition P = LpNp,
i.e., Lp 2 GLa. Let ¢ be an associate class of cuspidal automorphic representations represented
by @ eMPO) of Lp(A) where m is a unitary cuspidal automorphic representation of Lp(A) and
A in the closure of the positive Weyl chamber associated to P. Let Lg (py 4 C AE,{p}@ denote the
subspace of the space of automorphic forms supported in ¢ which consists of all square—integrable
automorphic forms supported in ¢, i.e., spanned by the residues of the Eisenstein series attached
to w at possible poles at .

The space Lg (py,4 s trivial except possibly if the cuspidal automorphic representation 7 is self-
dual, that is, wo(m) = 7.
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Proof. The maximal parabolic subgroup P is self-associate, thus, by [48, Sect. IV 3.12], the Eisen-
stein series ES(f,vs) attached to f € Wy is holomorphic in the region Re(s) > 0 unless wo(7) = .
Consequently, the space Lg (p) 4 is trivial except possibly if 7 is self-dual. O

Theorem 7.5 (The case P = P;). Let ¢ be an associate class of cuspidal automorphic represen-
tations represented by m ® e HP () of L1(A) where 7 is a unitary self-dual cuspidal automorphic
representation of L1(A) and X in the closure of the positive Weyl chamber associated to Py. Then
the space L (py,¢ s non-trivial if and only if one of the following two batches of assertions hold:
(1) a) A=1pp, e s=3,
b) the central character wy of 7 is trivial,
c) the L-function L(s,m,r°) attached to m does not vanish at s = 3,
(2) a) A=pp, i.e s=1,
b) the L-function L(s,m,1°) attached to w has a pole at s = 1.

Theorem 7.6 (The case P = P»). Let ¢ be an associate class of cuspidal automorphic represen-
tations represented by m @ eMPO) of Lo(A) where 7 is a unitary self-dual cuspidal automorphic
representation of La(A) and X in the closure of the positive Weyl chamber associated to Py. Then
the space L (p,y,4 18 non-trivial if and only if the following assertions hold:
a) A= 1pp, i.e. s =3,
b) the central character wy of 7 is trivial,
1

c) the principal L-function L(s,, p2) attached to m does not vanish at s = 5.

Proof. The line of arguments in the proofs of the two theorems are similar. Given a cohomological
unitary cuspidal automorphic representations 7 of L,.(A), and given f € W, we have to determine
the possible poles of the corresponding Fisenstein series E]CD’; (f,vs) in the region Re(s) > 0.

The infinite component of 7 is a discrete series representation. By the Ramanujan conjecture,
as proved in [12], the non—archimedean components m, of 7 are tempered representations. Then,
by [57, Thms. 5.3, 5.4.], the local normalized intertwining operator N (v, m,,wq) is holomorphic
for Re(s) > 0, and, using [58, Prop. 3.1], the operator is non-zero. Thus the possible poles of
the standard intertwining operator M (vs,m,wp) for s > 0 coincide with the poles of the global
normalizing factor r(vs, m, wp).

The L-function L(s, 7, p2) converges absolutely for Re(s) > 1 by, for example, [31], and L(s, 7, p2)
is non—zero in the region given by Re(s) > 1, [32]. As proved in [18], L(s,m, p2) is holomorphic for
Re(s) =1, and in fact entire. It is known, for example, by [64] that the Hecke L—function L(s,w;)
is entire if w, is non—trivial, while it has simple poles at s = 0 and s = 1 and is holomorphic
elsewhere if w; is trivial.

In the case of P, it follows that the global normalizing factor r(vs, 7, wg) does not have a pole at
all half-integral arguments s with Re(s) > 1. However, the factor L(2s,w;) has a pole at s = % if
and only if wy is trivial. This pole can be possibly compensated for by a zero of the first factor in the
expression for r(vs, m,wp). Note that in the case P, the third factor originating with L(3s, 7 ® wy)
is entire. This proves the second theorem.

In the case P;, we also require the analytic properties of the L—function L(s,m,7°). It is known
from [36] that this L—function is entire if 7 is not monomial, while if 7 is monomial it may possibly
have simple poles only at s = 0 and s = 1. This shows part (2) of the first theorem. For part (1) of
the first theorem, we argue as above for the second theorem, with the non-vanishing of L(s,m,r°)
at s = 1/2 playing the role of the non-vanishing of L(s, 7, p2) at s = 1/2. O
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Now we are in a position to construct square-integrable cohomology classes which are represented
by residues of Eisenstein series supported in the associate class of the maximal parabolic subgroup
P = P,. However, in the other case, that is, P = P;, we cannot show the existence of such
classes. First of all, the representation spanned by residues at a possible pole of the Eisenstein
series at A = pp,, i.e., s = 1, would have the Langlands quotient J(v1, Dy,) as the archimedean
components, where D,, is a discrete series representation of GLo(R) of certain lowest O(2)-type m.
However, as shown in the Appendix, such Langlands quotient is not cohomological and thus there
is no contribution to cohomology coming from these residues. On the other hand, the Langlands
quotient that would appear as the archimedean component of the representation spanned by the
residues at A = %ﬁpl, i.e., s = 1/2, is cohomological. However, we cannot prove the existence of a
unitary cuspidal automorphic representation 7 of GLy(A) such that the Eisenstein series attached
to 7 has a pole at s = 1/2. The problem is in the subtle non-vanishing condition for the adjoint cube
L-function L(s,m,7°) at s = 1/2 within the class of unitary cuspidal automorphic representations
m with trivial central character.

7.4. Existence of residual Eisenstein cohomology classes. Let k be a totally real algebraic
number field of degree d = [k : Q]. We consider the summand

@ HEksq)(goovKooaAE,{Pg},gb@E)
PEPE, Py}

in the square-integrable cohomology H Eksq)

maximal parabolic k-subgroups in G represented by Ps.

Given the irreducible finite-dimensional representation (7, E) of the group G = Resy/g(G2)(R)
in a complex vector space, its highest weight can be written as A = (A),,,v € Vi, where ¢, denotes
the embedding & — R which corresponds to v € V4. For the sake of simplicity we assume that
A,, = A, , for all archimedean places v, v/ € V4. Recall that this representation originates from an
algebraic representation of the algebraic k-group G. We write A = ¢; A1 + caA, ¢1, ¢o non-negative
integers, where A;, ¢ = 1,2, denote the fundamental dominant weights.

(G, E) of G corresponding to the associate class { P>} of

Theorem 7.7. Suppose that the highest weight A of the representation (n, E) of G is of the form
A = 1Ay, that is, co = 0. Then there exists a selfdual unitary cuspidal automorphic representation

7 of La(A) such that for ¢ € O ¢p,y represented by ™ @ PO e have

H*(goos Koo; LE(Po},¢ @ E) # 0.
Moreover, the residual Eisenstein cohomology space Hg‘sq)(goo, Keo; Ap (py),¢ @ E) does not vanish.

In degree q = 3d, these classes represented by residues of Eisenstein series contribute to the total
cohomology group H*(goo, Keo; Ap,(pyy ® E) C Hyy (G, E)

Proof. First, we make sure that there exist suitable non-trivial cohomology classes of type (m,w)
with w = wowjiwo, that is, we have to analyze the space

H* ([2, KOO ﬂ LQ’oo; V7Too ® F,Mw) N

Following Proposition 7.2, the highest weight of the (I3, Koo N Lg,o0)-module F),, , . is given by
(3ca+2¢1 +4)we where wo denotes the fundamental dominant weight for Ls. Under the assumption
on the highest weight A of (1, E') the weight fiyyuw,w, takes the form (2¢; 4+ 4)ws. Since the integral

coefficient (2c1 +4) is even, there exists, using Proposition 6.2, an irreducible cuspidal automorphic
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representation m of GLo(Ag) whose central character w; is trivial, whose archimedean components
Ty I oo = @y, v € Vi, are discrete series representations of GLo(R) compatible with (2¢1 +
4)ws, and whose corresponding L-function L(s,, p2) does not vanish at s = 1/2. Note that the
corresponding class in H* ([2, Koo NLooo; Vi, @F, uw2w1w2) is non-trivial.

Second, given such a cohomology class of type (m, wowiws) as just constructed, we consider the

corresponding Eisenstein series EIC;; (f,vs). By Subsection 7.3, in general, the evaluation point of

_ ca+1
|0P2,<c -2

to consider the point %ﬁpQ. As a consequence of Theorem 7.6, the Eisenstein series EIC;;( fivs) in

interest for us is —wawiwa(A + pp,) pp,. Since by our assumption ¢y = 0, this amounts

question has a simple pole at sg := % The map

feelsotrryHr () gy (g — So)El%(f, Vs)
S$=50
is an intertwining of the induced representation I(v,,7) and the space of automorphic forms on
G(k)\G(A). It is non-trivial and consists of square integrable automorphic forms. Recall that the
poles of the Eisenstein series coincide with the poles of the intertwining operator which accounts
for the second summand in the constant term of Eg( f,vs) along P, given by, using the notation

fs = foe
(7‘1) Eg(f’ VS)P(Q) :fS(g)+M(VS’7va0)f8(g)’

where wp € W is the unique non—trivial Weyl group element such that wo(A \ {a1}) C A, while
wo(aq) is a negative root. One sees that wp equals wp,, the longest element in W72, Note that the
archimedean components 7, in 7, = ®m,,v € V4, are discrete series representations, thus, tem-
pered representations. By the very construction of the Langlands quotients within the classification
of irreducible representations of real groups (see [44]) it follows that the image of the local opera-
tor M (vy /9, Ty, wo) coincides® with the unique irreducible Langlands quotient of the representation
I(v13, 7). This unique irreducible quotient is usually denoted by J(vy/2, 7). By construction
Ty, U € Vo, is compatible with the weight (2c1 + 4)ws, hence J(vy/9,7y) is a representation of
the real Lie group G2 with non-vanishing relative Lie algebra cohomology. More precisely, using
the notation in the Appendix, it is (up to infinitesimal equivalence) of the form Ag, (x1) for a
suitable admissible character xj. These non-tempered representations J(vq /2 my) have non-trivial
cohomology in degree 3 and 5; it vanishes in other degrees. We obtain as a consequence that

H*(goos Koo; LE(Po},¢ @ E) # 0.

In particular, it is non-vanishing in the minimal degree 3d. Finally, using [51, Theorem 1.1 =
II1.1], we can conclude that these non-vanishing square-integrable classes represented by residues
of Eisenstein series contribute non-trivially to H*(goo, Koo; Ag p} ® E) C Hyy (G, E). O

Remark 7.8. By means of the global theta lifting related to the dual reductive pair (Hg, SL2)
where Hg denotes a suitable orthogonal group containing G2 as a subgroup one finds in [45] a
construction of cuspidal automorphic representations which give rise to non-vanishing cohomology
classes in Hp,g, (G, E). The archimedean components of these representations are non-tempered
and correspond to the irreducible unitary representations Aq, (x1) for a suitable character x;. The

classses so obtained are shadows of the residual cohomology classes constructed above.

8as well as the image of N(v1 2, ™y, wo) because these two operators are proportional for tempered representations

T
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8. THE SYMPLECTIC GROUP OF k-RANK TWO

8.1. Roots, weights and parabolic subgroups. Let k be a totally real algebraic number field
of degree d = [k : Q]. We consider the k—split simple simply connected symplectic group G = Sps
of k-rank 2. Let Py be a minimal parabolic k-subgroup, and Py = LgNy its Levi decomposition,
which are fixed throughout the paper. The maximal split torus Lg is isomorphic to a product of 2
copies of G, /k, and Ny is the unipotent radical. Let ®, &%, A denote the corresponding sets of
roots, positive roots, simple roots, respectively. If e; is the projection of L to its i*" component,
then A = {a; = e] — ez, 9 = 2e3}. The fundamental dominant weights are A; = a; + (1/2)ag and
Ao = a1 + aa. Let W be the Weyl group of G with respect to Lo, generated by the reflections w;
associated to the roots oy, i = 1, 2.

For r = 1,2, the maximal proper standard parabolic k-subgroup Pa\{q,} corresponding to the
subset A\ {a,} of A is denoted shortly by P,, and its Levi decomposition by P. = L, N,, where
L, is the Levi factor, and N, the unipotent radical. For r = 1 we have L1 = GL; x SLs, and for
r = 2 we have Loy = GLy. Observe that the parabolic subgroups P, are self-associate. However, P,
is conjugate to its opposite parabolic subgroup P-PP by a representative of the unique non-trivial
Weyl group element wy € W with the property that wo(A \ {a,}) C A.

As in the previous case, we choose as a suitable basis for ap. ¢ = C the element pp, =
{pp,, )" tpp,. We obtain, as already observed in [53],

- 1 ~ 2
PP = 5:01317 P, = gpPQ'

We always identify accordingly s € C with v, = pp. ® s € ap, c.

8.2. Classes of type (m,w), w € WF. Given a maximal parabolic k-subgroup P,, r = 1,2, of
Spo the way to analyze which types (m,w), w € W' occur is analogous to the case of the group
G2 dealt with. Based on the computations in [53], [56], we obtain the following results. First, the
Lie algebra cohomology H*(n,, E) of n, := np. with coefficients in the irreducible representation
(n, E) of Spy is given as a (I, Koo N Ly o)—module as the sum

H*(n,E)= € Fu,

weW Pr

where the sum ranges over w in the set W of the minimal coset representatives for the right
cosets of Wp, in W, and F),, denotes the irreducible finite-dimensional (I, Ko N Ly o )—module of
highest weight p,, = w(A + pp,) — pp,, where A € ap, ¢ is the highest weight of (7, E).

As already proved in [56], the elements of length 2 in W' are the ones of interest for us; only
in that case a residue of an Eisenstein series is possible. Following [56] one has

Proposition 8.1. Let A = c¢1 A1 + caAg be the highest weight of the algebraic representation (n, E),
where c1,co € 7, c1,c5 > 0.

(1) For the element wiwy € W of length 2 the highest weight juy,w, of the (11, Koo N L 00)-
module F,, ., s given by (c1 + c2 + 1wy,

(2) For the element wowy € W2 of length 2 the highest weight iy, of the (12, Koo N L2.oo)-
module F, is given by (c1 + 2ca + 2)wa,

Hwowq
where w, denotes the fundamental dominant weight for L., r =1, 2.
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Proposition 8.2. The point of evaluation for an Fisenstein series which is attached to a cuspidal
cohomology class of L, of type (m,w), w € W, {(w) = 2 is given
(1) in the case Py by —wiw2(A+ ppy)jap, o = (c2+1)pp,.

(2) in the case Py by —wowq (A + ppo)mp%C = 61;1;7&.

8.3. Residues of Eisenstein series. In the case of the symplectic group Spo, the discussion of
possible residues of the Eisenstein series attached to cohomological cuspidal automorphic repre-
sentations of the Levi components of the maximal parabolic k-subgroups was essentially carried
through in the case Sp2/Q in [56]. In the general case Sp2/k, the residual spectrum was deter-
mined in [35] resp. [37]. We give the final results and briefly indicate the main points in the line of
argument.

Let P be a maximal parabolic k-subgroup with Levi decomposition P = LN. Let ¢ be an
associate class of cuspidal automorphic representations represented by 7 @ eMP()) of L(A) where
7 is a unitary cuspidal automorphic representation of L(A). Let Lg (py s C Ag (p} ¢ denote the
subspace of the space of automorphic forms supported in ¢ which consists of all square—integrable
automorphic forms in ¢, i.e., spanned by the residues of the Eisenstein series attached to mw at
possible poles at .

Theorem 8.3 (The case P = P,). Let P be a mazimal parabolic k-subgroup of type Po with Levi
decomposition Py = LoNo, i.e., Lo &2 GLo. Then the following holds:
(1) The space Lg py.¢ is trivial except possibly if the cuspidal automorphic representation 7 is
selfdual, that is, wo(m) = 7.
(2) Given a cuspidal automorphic representation © @ eMPO) of Ly(A) the space Lgpye 8
non—trivial if and only if the following assertions hold:
(a) 7 is self-dual, that is, wo(mw) = 7,
(b) A= %ﬁp, i.e. 8= 3,
(c) the central character of m is trivial
(d) the principal L-function L(s,m,p2) attached to w does not vanish at s = %, that is,
L(l/Za T, 92) 7& 0.
Proof. The maximal parabolic group P of type P; is self-associate, thus, by [48, Sect. IV 3.12], the
Eisenstein series E}Zf *(f,vs) attached to f € Wy is holomorphic in the region Re(s) > 0 unless 7 is
selfdual. Consequently, the space Lg (p,},¢ is trivial except possibly if wo(m) = «. This proves (1).
Given a cuspidal automorphic representations m of Lo(A), and given f € Wy, we have to deter-
mine the possible poles of the corresponding Eisenstein series Egz (f,vs) in the region Re(s) > 0.
By [11, Thm. 11.1], in the global intertwining operator the local normalized intertwining operator
N (vs, Ty, wp) is holomorphic and non-vanishing for s > 0.° Thus the possible poles of the standard
intertwining operator M (vs, 7, w) for s > 0 coincide with the poles of the global normalizing factor
T(VS7 ™, ’l,UO) :
As determined in [41, (case(vi)] the adjoint action of the L-group GLy(C) of Ly on Fny de-
composes as 1y P ro = pa B /\2p2 where py denotes the 2-dimensional standard representation of

91n the case of interest for us that 7 is cohomological one can also argue in this way: The infinite component of 7
is a discrete series representation. By the Ramanujam conjecture as proved in [12] the non—archimedean components
7y of 7 are tempered representations. Then, by [57, Thms, 5.3, 5.4], the local intertwining operator is holomorphic
for Re(s) > 0, and, using [58, Prop. 3.1], the operator is non-zero.
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G Ly(C).1% Thus we obtain for the global normalizing factor the expression

L(Saﬂ-) L(2377T7/\2p2)
L(l—i—S’ﬂ') L(1+2577T7/\2P2)’

7"()\3, , UJ(]) =

where L(s, 7, A2ps) denotes the exterior square L—function. We note that the exterior square A%po
is the determinant det ps and hence L(s, 7, A2p2) = L(s,w,) is the Hecke L-function attached to
the central character w, of 7.

A careful investigation of the analytic properties of this normalizing factor as in [35, Thm. 3.3]
resp. [37, Thm. 4.4] yields the assertions regarding the existence of a pole and a corresponding
residue of the Eisenstein series EG (f,vs) in the region Re(s) > 0. O

Next we deal with the case of a maximal parabolic k-subgroup of type P;. In this case one has
the Levi decomposition P, = L1 N1 with L1 &£ GL1 x SLo.

Given an irreducible unitary cuspidal automorphic representation 7 of Li(A) with 7 = y ® o,
o = ®loy,v € V a unitary cuspidal automorphic representation of SLay(A), x = &) xv,v € V a
unitary Hecke character of k, and given f € W, we have to determine the possible poles of the
corresponding Eisenstein series Egl (f,vs) in the region Re(s) > 0.

In general, following [39, 2.5], given a local component o,, v € V, of the cuspidal automorphic
representation o of SLy(A), there exists an irreducible unitary representation o, of GL2(k,) such
that o, is contained as a subrepresentation in o, |g La(k,)- One can choose the family {o} vev in
such a way that 0% := ®/ ;0" is a unitary cuspidal automorphic representation of GLa(A). We
denote the local Gelbart-Jacquet lift [17] of o)f from GLs to GL3 by ¥,, v € V. This lift depends
only on the representation o,, it is independent of the choice of o7. By an analysis of the local
L-function L(s,my,,71),v ¢ S, (see [35, Sect.4]), one obtains the identity

(8.1) L*(s,m,r1) = L(s, 2 @ x),

where S denotes a finite set of places containing V., so that for every v ¢ S the group L;(k,) and m,
are both unramified at v and where 71 denotes the adjoint action of the L—group GL;(C) x SO3(C)
of Ly on ny, given by the tensor product of the standard representation p; of GL1(C) and the
standard representation 7y of SO3(C), as determined in [41, case (xx)]. The right hand side denotes
the principal L-function of G'L3 attached to the tensor product of ¥ := ®/ %, and x. This L-function
converges absolutely for Re(s) > 1 and is non-zero in that region. By [17, Thm. 9.3], this partial
L-function is entire for any y if o is not monomial.

By definition, if o* is monomial there exists a non-trivial unitary Hecke character § of k such
that ot ® § = ¢. Comparing the central character of both sides we see that 6> = 1. We denote
by K/k the quadratic extension which corresponds by class field theory to § = df /. As shown in
[39, Lemma 6.5.] there exists a unitary Hecke character 6 of K such that ot = 7(6), that is, o
is obtained by automorphic induction. Since o™ is a cuspidal automorphic representation we have
0 #0° c € Gal(K/k), ¢ # 1, i.e., 0 does not factor through the norm map from K to k. See Section
6.4 for more details. The Gelbart-Jacquet lift ¥ of o is described in terms of 7(6) as the induced

representation Indgfg)(m (m(0(0) H®§ K/k)> Where Q denotes the maximal parabolic subgroup of

GLs of type (2,1). In the sequel one has to distinguish the two cases whether 7(6(0°)71) is a

Ogee also [60, Sect. 4].
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cuspidal representation or not. In the former case, one obtains
(82) L(s,2®x) = L(s,7(6(6°) ") @ x) - L(s, xOx)-

Thus, L(s,X ® x) has a simple pole at s = 1 if x = d /-

In the latter case, that is, 7(#(6°)~!) is not a cuspidal representation representation there are
exactly three possible choices (K/k,0), (K'/k,0"), (K" /k,0") for the quadratic extension K/k and
the unitary Hecke character 6 such that o = () = 7(0') = m(6"), see [39, p. 774]. Thus, one
has that

(8.3) L(s, X ® x) = L(s, X0 /1) L (8, XK1 /1) L (8, X0k 1,)

and the left hand side has a pole at s = 1 if y coincides with one of these three possible characters
J.

Finally, following the discussion of the interwining operator at the places v ¢ S in [35, Sect. 4]
resp. [37, Sect. 5] we arrive at the conclusion

Theorem 8.4 (The case P = P;). Let P be a mazimal parabolic k-subgroup of type P; with Levi
decomposition P, = L1Ny, t.e., L1 = GL1 x SLo. Given a cuspidal automorphic representation
7@ eMHP() of Li(A) with m = x ® 0, 0 a cuspidal automorphic representation of SLa(A), x a
unitary Hecke character of k, the space Lg (py,4 is non—trivial if and only if the following assertions

hold:

(a) The cuspidal representation o is monomial, that is, with ot of the form w(0) for some
quadratic extension K/k and some unitary Hecke character 0 of K and x determined by o
either as x = Ok, or as one of the three choices x € {0k /k, 0K /i, O/} in the notation
as above.

(b) A=pp,, i.e. s=1.

8.4. Existence of residual Eisenstein cohomology classes. Now we suppose that k is a
totally real algebraic number field of degree d = [k : Q]. We consider the summand

D Hig 0 Koo Ap (pyp @ E)
¢EPE [Py

in the square-integrable cohomology corresponding to the associate class { P} of maximal parabolic
k-subgroups in G = Sps represented by P. We have to distinguish the two cases P = P; and P = P5.
Given the irreducible finite-dimensional representation (7, £) of the group G = Resy,/q(Sp2)(R)
in a complex vector space its highest weight can be written as A = (A),,,v € V. For the sake of
simplicity we assume that A,, = A, , for all archimedean places v,v’ € V.

Theorem 8.5 (The case P = P,). Suppose that the highest weight A of the representation (n, E)
of G = Sps is of the form A = cols, that is, ¢ = 0. Then there exists a selfdual unitary cuspidal

(V%uHPQ('»

automorphic representation w of La(A) such that for 7 ® e we have

H*(goos Koo; LE(Po},¢ @ E) # 0.
Moreover, the residual Eisenstein cohomology space H(*Sq) (goo, Koo; AE’{P2},¢ ® E) does not vanish.

In degree q = 2d, these classes represented by residues of Fisenstein series contribute to the total
cohomology group H* (9o, Keo; Ap (py ® E) C Hiy (G, E)
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Proof. The line of argument is similar to the proof of Theorem 7.7, thus we can be brief. Following
Proposition 8.1, the highest weight of the (I3, Koo N L2 o )-module Flpyw, 18 given by (c142c242)wo
where ws denotes the fundamental dominant weight for Ly. Under the assumption on the highest
weight A of (n, E') the weight f1,,,, takes the form (2c2+2)ws. Since the integral coefficient (2c2+2)
is even, there exists, using Proposition 6.2, an irreducible cuspidal automorphic representation 7
of GLy(Ag) whose central character w, is trivial, whose archimedean components m, in 7o =
®uev,, Tv, are discrete series representations of GLy(R) compatible with (2c2 + 2)we, and whose
corresponding L-function L(s, 7, p2) does not vanish at s = 1/2. Note that the corresponding class
in H* ([2, KoNLyoo; Vi, @ Fuwzwl) is non-trivial.

Second, given such a cohomology class of type (m, wow;) as constructed, we consider the cor-
responding Eisenstein series Egz (f,vs). By Proposition 8.2, the evaluation point is —wawi (A +

PPo)|ap2 c = Cl;‘ lﬁp2. Since by assumption ¢; = 0, this amounts to consider the point %ﬁpz. By

Theorem 8.3, the Eisenstein series EIC;;( f,vs) in question has a simple pole at sg := % The map

f o elotPr el o (s — s0) EE, (f, vs)
S=S0
is an intertwining of the induced representation I(v,,7) and the space of automorphic forms on
Spa(k)\Sp2(A). Tt is non-trivial and consists of square integrable automorphic forms. Recall that
the poles of the Eisenstein series coincide with the poles of the intertwining operator which accounts
for the second summand in the constant term of EIC;;( f,vs) along Ps, given by, using the notation

fs = fl/_ga
(8.4) ER,(f,vs)p,(9) = fs(g) + M (vs, m,w0) fs(9),

where wg € W is the unique non-trivial Weyl group element such that wo(A \ {a1}) C A, while
wo(a) is negative. One sees that wg equals wp,, the longest element in W2, Note that the
archimedean components 7, in Too = Qyev,, Ty, are discrete series representations, thus, tempered
representations. By the very construction of the Langlands quotients within the classification of
irreducible representations of real groups (see [44]) it follows that the image of the local opera-
tor M (14 /25 Tws wp) coincides with the unique irreducible Langlands quotient of the representation
I(v1/9,my). This unique irreducible quotient is usually denoted by J(v /9, 7). By construction m,,
v € Vi, is compatible with the weight (2c2 + 2)ws, hence J(vy /9, m,) is a representation of the real
Lie group Sp2(R) with non-vanishing relative Lie algebra cohomology. More precisely, it is (up
to infinitesimal equivalence) of the form A4(x) for a suitable admissible character x, q a ¢-stable
parabolic subalgebra. This non-tempered representation J(vy /9, m,) has non-trivial cohomology in
degree 2 and 4; it vanishes in other degrees. We obtain as a consequence that

In particular, it is non-vanishing in the minimal degree 2d. Finally, using [51, Theorem 1.1 =
IT1.1], we can conclude that these non-vanishing square-integrable classes represented by residues
of Eisenstein series contribute non-trivally to H*(goo, Koo Ag p} ® E) C Hpy (G, E). O

Theorem 8.6 (The case P = Py). Suppose that the highest weight A of the representation (n, E)
of G = Spsy is of the form A = c1Aq, that is, co = 0. Then there exists a monomial unitary
cuspidal automorphic representation m of L1(A) such that for the associate class ¢ represented by
7 ® eV HPO) we have
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H*(gom Koo £E,{P1},¢ ® E) # 0.

Moreover, the residual Eisenstein cohomology space H(*Sq) (goo, Koo; AE(p}o® E) does not vanish.

In degree q = 2d, these classes represented by residues of Fisenstein series contribute to the total
cohomology group H*(goo, Keo; Ap (py ® E) C Hiy (G, E)

Proof. Though some of the ingredients are different, the line of argument is similar to the proof of
Theorem 8.5, thus we can be brief. Following Proposition 8.1, the highest weight of the (I1, Koo N
L1 s )-module F, L,y 15 1Ven by (c1+c2+1)wy where wy denotes the fundamental dominant weight
for Ly. Under the assumption on the highest weight A of (1, E') the weight fiy,, takes the form
(c1 + 1)wy. There exists, using Proposition 6.4, an irreducible monomial cuspidal automorphic
representation ot of GLa(Ay) of the form m(6) for some imaginary quadratic extension K/k and
some unitary Hecke character § such that the archimedean components o, in o := o7 |g, are
discrete series representations of SLy(R) compatible with (¢; + 1)w;. Note that the corresponding
class attached to the cuspidal representation 7 = x ® ¢ with x as indicated in Theorem 8.4 in
H* ([1, Koo N L1003 Vi @ F, w1w2) is non-trivial.

Second, given such a cohomology class of type (7, wjws) as constructed, we consider the cor-
responding Eisenstein series Egl( fyvs). By Proposition 8.2, the evaluation point is —wjwa(A +
ppo)|,5lP1$(C = (c2 + 1)pp,. Since by assumption ¢z = 0, this amounts to consider the point v1 = pp,.
By Theorem 8.4, the Eisenstein series Egl( f,vs) in question has a simple pole at so := 1. Thus its
residues span the space Lg (p} ¢-

By looking at the intertwining operator as in the previous proof, the archimedean components
of this space are isomorphic to the Langlands quotient J(v1,7,). By construction m,, v € Vi, is
compatible with the weight (¢; + 1)w;, hence J(v1,7,) is a representation of the real Lie group
Spa(R) with non-vanishing relative Lie algebra cohomology. More precisely, it is (up to infinites-
imal equivalence) of the form A4(§) for a suitable admissible character &, q a #-stable parabolic
subalgebra. This non-tempered representation J(v1,m,) has non-trivial cohomology in degree 2
and 4; it vanishes in other degrees. We obtain as a consequence that

H*(goo’ KOO; EE,{Pl},¢ & E) 7’é 0.

In particular, it is non-vanishing in the minimal degree 2d. Finally, using [51, Theorem 1.1 =
II1.1], we can conclude that these non-vanishing square-integrable classes represented by residues
of Eisenstein series contribute non-trivally to H*(goo; Koo} Ap p} @ E) C Hpy (G, E). O

9. THE ODD SPECIAL ORTHOGONAL GROUP OF k-RANK TWO

9.1. Residues of Eisenstein series. As before let £ be a totally real algebraic number field.
We now consider the k-split odd special orthogonal group G = SOj5 of k-rank two. Note that at
the archimedean places SO5(R) = SO(3,2), the special orthogonal group of signature (3,2). The
residual spectrum for this group is studied by Kim in [34]. We retain the notation of the previous
section with minor adjustments. As before P, is a fixed minimal parabolic k-subgroup, with the
Levi decomposition Py = LoNy. Then Ly is isomorphic to a product of two copies of G,,/k. The
set of simple roots is

A ={og =€ —ez, a0 = €3},
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where e; is the projection of Lg to its i*" component. The fundamental weights are given by

1 1
AM=ei=a;+ay and Ay = 5(61—1-62) = §a1+a2.

The Weyl group of SOs is
W = {1, w1, wa, wiwa, waw, W1 WaW1, Waw1 W2, W1 WWI1 W2},

where w; is the simple reflection with respect to «;, i = 1, 2.
For r = 1,2, the maximal proper standard parabolic k-subgroup Pa\(q,} is denoted by P, with
Levi decomposition P. = L, N,.. Then L1 = GL; x SO3 and Lo = GLo. We have
~ 2 - 1
PP = 3PPy and pp, = 3PP
Both maximal parabolic subgroups P,, r = 1,2, are self-associate. Observe that pp. coincides with
the fundamental weight A,, r =1, 2.

Theorem 9.1. Let P; be the mazimal standard parabolic k-subgroup as above, with the Levi factor
Ly = GLy x SO3. Let 1 = x ® o be a unitary cuspidal automorphic representation of Lq(A),
where x is a unitary Hecke character of I, and o a unitary cuspidal automorphic representation
of SO3(A). Let ¢ be the associate class of cuspidal automorphic representations represented by
7@ MNP where X € ReXICi1 s in the positive Weyl chamber determined by Py. Then, the
space Lg (py,¢ 0f square-integrable automorphic forms supported in ¢ is non-trivial if and only if
the following assertions hold:
(a) A= ipp, = se1, i.e. s=1,
(b) x? is the trivial character of 1,
(¢) the principal L-function L(s,x®d’, p2) attached to x @0’ is non-zero at s = 1/2, where o’ is
a representation of GLa(Ay) with trivial central character obtained from o via identification
Of 503 with PGL2

Proof. The normalizing factor that determines the poles of the Eisenstein series at s > 0 is given
by

(91) r(s,w,wo) — L(S’X®07p1 ®P2) . L(287X, Sym2p1) )

L(1+s,x®0,p ®p2) L1+ 2s,x,Sym2p1)
The latter L-function is L(2s, x, Sym?p1) = L(2s, x?), the Hecke L-function attached to the Hecke
character x2. Since SOz may be identified with PG Ly, the Rankin-Selberg L-function L(s,x ®
o,p1 ® p2) is the same as the principal L-function L(s, x ® o¢’), where ¢’ is obtained from o via
the identification. Hence, the conditions in the theorem follow from the properties of the principal
L-functions for GL9 and the Hecke L-functions. O

Theorem 9.2. Let Py be the maximal standard parabolic k-subgroup as above, with the Levi factor
Lo 2 GLy. Let 7 be a unitary cuspidal automorphic representation of La(Ay) Let ¢ be the associate
class of cuspidal automorphic representations represented by ™ ® e<)"HP2(')>, where A € Reng 18
in the positive Weyl chamber determined by Pa. Then, the space Lg p,) ¢ of square-integrable
automorphic forms supported in ¢ is non-trivial if and only if the following assertions hold:

(a) A=pp, = 3(e1 + €2), i.e. s =1,

(b) the symmetric square L-function L(s,w, Sym?ps) attached to 7 has a pole at s = 1.
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weWwnh [ A[w] =7 ﬁpl [ fyy =7 W' Xw
T [meem o, | —=ng
w1 —CZTH 2c1 +co 4+ 2 —WeQ
wiwg 2t 20 g +2 | FAERE,,
wiwawy Ze13ca¥3 c2 2 tle,

2 2
TABLE 9.1. The evaluation points A, highest weights p,, and infinitesimal char-

acters o, for w € W in the case G = SOs, where ' is the fundamental weight
for G Ly under the identification of SOz and PG Ly

l w € W2 [ )‘[w] =?-pp, [ L =7 - wa [ Xw
1 —(c1+c2+2) c1 —%61 +ClT+162
wa —(c1+1) c1tex+1 *cl+§2+2 e1+ cl+§2+2€2
waw1 c1+1 ci+c+1| — cl+§2+261 + Cl+§2+2 D)
W2wW1 W2 c1+c2+2 c1 *%61 + clTHQ

TABLE 9.2. The evaluation points A, highest weights p,, and infinitesimal char-

acters xo, for w € W2 in the case G = SOs, where wy is the fundamental weight
for the Levi factor Ly = G Lo

Proof. The poles of Eisenstein series for s > 0 are determined by the normalizing factor
L(s, m, Sym*ps)
L(1+s,m, Sym?ps)’

T(Sv ™, wO) =

The properties of the symmetric square L-function L(s, T, Sym?ps) are known from [20]. O

9.2. Existence of residual Eisenstein cohomology classes. As explained before, we now
have to analyze which types (m,w), w € W may possibly contribute to the square-integrable
cohomology spaces supported in Py, r = 1,2. Therefore, given w € W, we need to compute the
highest weight /1, and the evaluation point (. Besides j,,, we provide the infinitesimal character
Xw Of the unitary cuspidal automorphic representation 7 of L,(A) at every archimedean place.
Since m must be cohomological, this forces the archimedean components of w to be the discrete
series representations compatible with ., i.e., of infinitesimal character x,, as explained in Section
5. The results are given in Table 9.1 for P; and Table 9.2 for P,. The highest weight of F is written
in terms of the fundamental weights A1, Ao as

A =ciAy + oo,
where ci,c0 € 7Z and cj,co > 0. The evaluation point /\[w} is given in the basis pp., and the

infinitesimal character y,, in the basis {e1, e2}.

Theorem 9.3. Let P; be the maximal standard parabolic k-subgroup as above, with the Levi factor
L1 2 GL1xS0;3. Let m = x®o0 be a unitary cuspidal automorphic representation of L1(A), where x
is a unitary Hecke character of I, and o a unitary cuspidal automorphic representation of SO3(A).
Let ¢ be the associate class of cuspidal automorphic representations represented by ™ & eMHP ()
where \ € ReXg1 1s in the positive Weyl chamber determined by Py. Then the cohomology space

H*(goos Koo; LE(P1,¢ @ E)

1s non-trivial if and only if the following assertions are satisfied:
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(a) A= 3pp, = 3e1, i.e. s=3,

(b) x? is the trivial character of 1,

(c) the principal L-function L(s,x ® ') is non-zero at s = 1/2, where o’ is a representation of
GLa(A) with trivial central character obtained from o via identification of SOs with PG Lo,

(d) the highest weight A of the coefficient system E is of the form A = ci Ay with ¢1 € Z>g, i.e.,
Cy = 07

(e) the local component of o' at every archimedean place is the discrete series representation
Doe,+a of GLa(R) of lowest O(2)-type 2¢1 + 4.

The type (m,w), w € W, giving non-trivial cohomology classes has the minimal coset representa-
tive w = wiwg € W of length two.

Proof. Comparing the tables with the theorems in the previous subsection we identify the possible
types (m,w) that may contribute to the square-integrable cohomology as follows. For P; the only
possibility is that the evaluation point is A, = (1/2)pp,, i.e. s, = 1/2, because this is the only
point at which the Eisenstein series may have a pole in the positive Weyl chamber. This gives
condition (a). From Table 9.1, we see that the conditions for existence of non-trivial cohomology
classes imply that this may only happen for the minimal coset representative w = wyws € W of
length two, provided that co = 0 and that the infinitesimal character of o is (c¢; + %)62. The first
condition implies the form of A in assertion (d). The infinitesimal character of SO3 corresponds via
the identification with PG Ly to the infinitesimal character (61 + %, —c] — %) for GLy. Thus, we
obtain condition (e) for the archimedean components of ¢’. Furthermore, m = x ® o should satisfy
the conditions of Theorem 9.3, so that the Eisenstein series has a pole. This gives assertions (b)
and (c). O

Corollary 9.4. In the notation of Theorem 9.3, suppose that the highest weight A of the represen-
tation (n, E) of G = SOs is of the form A = ci Ay with ¢1 € Z>g, i.e., ca = 0. Then there exists a
unitary cuspidal automorphic representation m = x ® o of L1(A) such that for the associate class
¢ represented by m ® eW/2He () ye have

H*(gocn Ko ['E,{Pl}@ & E) # 0.

*

Moreover, the residual cohomology space H(Sq) (800> Koo; AE p},0 @ E) does not vanish. In the
lowest possible degree q = 2d, these classes represented by residues of Fisenstein series contribute
to the total cohomology group H*(geo, Keo; Ap (py ® E) C Hy (G, E).

Proof. For the first part of the corollary, we must show that there exist a unitary cuspidal auto-
morphic representation m = x ® o satisfying assertions b), ¢) and e) of Theorem 9.3. Note that
assertion a) on the evaluation point and assertion d) on the highest weight A are the assumptions
in the corollary.

The representation o’ of GLy(A), with trivial central character, satisfying assertion e) exists,
as we may take o/ € D(k,q) for Kk = (2¢1 +4,...,2¢1 +4), and any level q such that D(k,q)
is non-empty. See Section 6.3. Taking any such representation ¢/, the existence of a quadratic
Hecke character x of I such that L(1/2,x ® ¢’) # 0 follows from the work of Waldspurger [69], [50,
Theorem A.2], since o), is a discrete series representation at all archimedean places. Thus, for such
X assertions b) and c) are satisfied.

Finally, to show that the residual cohomology does not vanish, we observe that the lowest possible
degree in which the non-tempered representation J(v; /2, Xv ® D2¢,+4) has non-trivial cohomology
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is degree 2. Hence, H*(goo, Koo; LE,(p,},¢ @ F) is non-vanishing in degree 2d. Invoking again [51,
Theorem 1.1 = III.1] we conclude that these non-vanishing square-integrable classes contribute non-
trivially to H(*Sq) (Goo, Koos AE (P}, ® F) in degree 2d, and thus, to the total cohomology group

H*(gmaKw;AE,{Pl} ® E) - Hfik)is(G7E)' O

Theorem 9.5. Let Py be the maximal standard parabolic k-subgroup as above, with the Levi factor
Ly =2 GLy. Let 7 be a unitary cuspidal automorphic representation of La(Ay) Let ¢ be the associate
class of cuspidal automorphic representations represented by m & e<’\’HP2(')>, where \ € ReXg2 8 in
the positive Weyl chamber determined by Ps. Then the cohomology space

H* (9, Koo; LE (P}, @ E)
1s non-trivial if and only if the following assertions are satisfied:
(a) A=pp, = 3(e1 +€2), i.e. s =1,
(b) the symmetric square L-function L(s,w, Sym?ps) has a pole at s =1,
(c) the highest weight A of the coefficient system E is of the form A = caAo with ca € Z>o, i.e.,
1 = Oa
(d) the local component of m at every archimedean place is the discrete series representation
De,+3 of GLa(R) of lowest O(2)-type ca + 3.
The type (m,w), w € W2, giving non-trivial cohomology classes has the minimal coset representa-
tive w = wawy € W2 of length two.

Proof. We compare Theorem 9.5 with the possible types (7, w) in Table 9.2, and argue in a similar
way as in the proof of Theorem 9.3. O

Corollary 9.6. In the notation of Theorem 9.5, suppose that the highest weight A of the repre-
sentation (n,E) of G = SO5 is of the form A = coly with ca € Z>p and co even. Then there
exists a unitary cuspidal automorphic representation m of Lo(A) such that for the associate class ¢
represented by ™ ® e P () e have

H*(gocn Koo £E,{P2},(,ZS ® E) 7& 0.

Moreover, the residual cohomology space H(*Sq) (800> Koo; AE {Py},0 ® E) does not vanish. In the
lowest possible degree q = 2d these classes represented by residues of Fisenstein series contribute to

the total cohomology group H*(gcc, Koo; Ap (py) ® E) C Hi5 (G, E).

Proof. As in the proof of Corollary 9.4, we need to show that there exists a unitary cuspidal
automorphic representation 7 of GLo(A) such that assertions b) and d) of Theorem 9.5 are satisfied.
Note that assertion a) on the evaluation point is among assumptions of the corollary. The highest
weight A satisfies assertion c) by the assumption ¢a € Z>¢ and ¢z even in the corollary. Note
that there is a wider class of A satisfying assertion c¢), namely those with ¢y odd. These are not
considered in the corollary. See the remark below.

Since ¢ is even, the discrete series D.,3 is of odd lowest O(2)-type. Hence, the existence of 7
satisfying assertions b) and d) is proved in Theorem 6.5.

Finally, the minimal degree in which the non-tempered representation J(vy, D.,+3) has non-
trivial cohomology is degree 2. Hence, H*(goo, Koo; LE {Py},6 @ E) is non-vanishing in degree 2d,
and invoking again [51, Theorem I.1 = III.1] we conclude that these non-vanishing square-integrable
classes contribute non-trivially to H, (*Sq) (900, Koos AE {Po},0 @ E) in degree 2d, and thus, to the total

cohomology group H*(goo, Keo; Ag ()} @ E) C Hiy (G, E). O
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Remark 9.7. The case of highest weight A = caAo such that ca € Z>¢ and ¢z odd is not covered
by the previous corollary. The point is that in that case there is no m with the required properties,
as already explained in Remark 6.6. More precisely, in that case the archimedean components of 7
should be the discrete series representations D, 3 of even lowest O(2)-type. However, according
to Remark 6.6, there is no 7 such that L(s, 7, Sym?ps) has a pole at s = 1 with the discrete series
of even lowest O(2)-type as archimedean local components.

10. THE EVEN SPECIAL ORTHOGONAL GROUP OF k-RANK TWO

10.1. Residues of Eisenstein series. Finally, we consider the k-split even special orthogonal
group G = SOy of k-rank two. Note that at the archimedean places SO4(R) = SO(2,2), the
special orthogonal group of signature (2,2). The residual spectrum for this group was partially
determined in [19]. We retain the notation of the previous section with minor adjustments. As
before Py is a fixed minimal parabolic k-subgroup, with the Levi decomposition Py = LgNy. Then
Ly is isomorphic to a product of two copies of G,,,/k. The set of simple roots is

A={o; =€ —ez, a2 =e1 +e2},

where e; is the projection of Lg to its i'" component. The fundamental weights are given as

1 1
A = 5(61 — 62) and Ag = 5(61 + 62).

For r = 1,2, the maximal proper standard parabolic k-subgroup Pa\(q,} is denoted by P, with
Levi decomposition P, = L, N,. We have L1 = GLo and Lo = GG Lo, but they are not associate. In
fact, both P, are self-associate [63, Lemma 3.4]. We have

pp =pp, and  pp, = pp,.
Observe that the pp, coincides with the fundamental weight A,, r =1, 2.

Theorem 10.1. Let P, be the mazimal standard parabolic k-subgroup as above, with the Levi factor
L, = GLy. Let w be a unitary cuspidal automorphic representation of L,(A) = GLy(A) Let ¢ be
the associate class of cuspidal automorphic representations represented by m @ eMHPe() where A
in the closure of the positive Weyl chamber associated to P.. Then, the space Lg (p.y,4 of square-
integrable automorphic forms supported in ¢ is non-trivial if and only if the following assertions

hold:

- l(el—eg), forr=1, .
a) )\—ppT—{ 2(61+€2)’ forr—2, e s=1,

b) the central character wy of 7 is trivial.
Proof. In both r = 1 and r = 2 cases, the normalizing factor is of the form

L(377T7/\2l32) _ L<s7w7r)
L(1+s,m,A2p2)  L(1+s,wr)’

r(s,m wo) =

so the analytic properties of the Eisenstein series follow from the properties of the Hecke L-function
L(s,ws) attached to the central character w, of 7. O
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[we WP [ X =7 PP, | fhw =7 w1 | Xw ]
1 —(e1+1) c2 —CQTH€1 + %(—82)
w1 c1+1 [ —L;ltﬁ —+ %(—82)

TABLE 10.1. The evaluation points Af,], highest weights j1,, and infinitesimal char-

acters Y, for w € W in the case G = SOy, where w; is the fundamental weight
for the Levi factor L1 = G Lo

[w WP [ A =7 Py [ =7 ws | Xuw |
i ) o —afl, et
w2 c2+1 c1 —%61 + CITHQ

TABLE 10.2. The evaluation points A, highest weights (1, and infinitesimal char-

acters o, for w € W2 in the case G = SOy, where wy is the fundamental weight
for the Levi factor Lo & GLo

10.2. Existence of residual Eisenstein cohomology classes. As in the previous section, we
provide the evaluation points, highest weights, and the infinitesimal character for possible types
(m,w), w € WP that may contribute to square-integrable cohomology supported in P.. The Weyl
group of SOy is
W = {1, w1, wy, wiwa},

where w; is the simple reflection with respect to the simple root «a;, i = 1,2. We write the highest
weight of E in terms of fundamental weights as A = ¢ A1 4+ coAo, where ¢1,c0 € Z and c¢q,c9 > 0.
The results of the computation are given in Table 10.1 for P, and Table 10.2 for Ps.

Theorem 10.2. Let P, be the mazimal standard parabolic k-subgroup as above, with the Levi factor
L, =2 GLs. Let 7 be a unitary cuspidal automorphic representation of L,(A) = GLy(A). Let ¢ be
the associate class of cuspidal automorphic representations represented by m @ eMHPe() where A
is in the closure of the positive Weyl chamber with respect to P,.. Then the cohomology space

H* (900, Koo; L {P,},6 © E)

is mon-trivial if and only if the following assertions hold:
~ ey —en), forr=1, .
8) A= fr = { 2(61 te), forr=2, “CPTh
b) the central character wy of 7 is trivial,
c) the highest weight A of the coefficient system E is of the form

A~ cho, forr=1,
| cAy, forr=2,

where ¢ € Z>,
d) the local component of m at every archimedean place is the discrete series representation
D.io of GLo(R) of lowest O(2)-type ¢ + 2.
The type (m,w), w € W, giving non-trivial cohomology classes has the minimal coset representa-
tive w = w, € WE of length one.

Proof. In the same way as for G = SOs, this follows comparing Theorem 10.1 with Table 10.1 and
Table 10.2. 0
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Corollary 10.3. In the notation of Theorem 10.2, suppose that the highest weight A of the repre-
sentation (n, E) of G = SOy is of the form

A~ cho, forr=1,
| cAy, forr=2,

with ¢ € Z>o and c even. Then there exists a unitary cuspidal automorphic representation 7 of
L, (A) such that for the associate class ¢ represented by m ® eV HP-()) e have

H*(gom Koo 'CE,{PT},QS X E) 7& 0.

Moreover, the residual cohomology space H(Sq) (800, Koos AE (P} ® E) does not vanish. In the lowest

possible degree q = d these classes represented by residues of Fisenstein series contribute to the
total cohomology group H*(gco, Koo; Ap (p,},0 ® ) C H (G, E).

Proof. The assertion a) of Theorem 10.2 is the assumption of the corollary. The form of the highest
weight satisfies assertion c). Hence, it remains to show the existence of 7 satisfying assertions b)
and d). That is, the central character w, of 7 should be trivial and the archimedean components
of 7 should be the discrete series D42 of even lowest O(2)-type. However, such 7 exist, as we may
take m € D(k,q) for k = (c+2,...,c+ 2) and any q such that D(k, q) is non-empty, see Section
6.3. This shows the first claim of the corollary.

To show that the residual cohomology classes contribute non-trivially to the residual cohomology
space H (*Sq) (9, Koo; Agp1o ® E), observe that in the lowest possible degree 1 the cohomology of
the Langlands quotient J(A1, Dct2) is non-trivial. Hence, using [51, Theorem 1.1 = III.1}, we
conclude that these cohomology classes contribute non-trivially to the total cohomology group
H*(g9, Ko; A ip,y ® E) C Hy (G, E) in degree d. O

Remark 10.4. In Corollary 10.3, we assume that the highest weight A is of the form A = cA; with
¢ even. However, in Theorem 10.2, there is another form of A that may possibly contribute to the
residual cohomology, namely, the case of ¢ odd. But in that case, there is no 7 satisfying the required
properties for a non-trivial cohomology class in Theorem 10.2. More precisely, the central character
wy of 7 should be trivial according to assertion b), while the archimedean components should at the
same time be the discrete series representations D42 of odd lowest O(2)-type according to assertion
d). But this is impossible because the central character of such discrete series representation is non-
trivial.

APPENDIX A. UNITARY REPRESENTATIONS WITH NON-ZERO COHOMOLOGY

It is a fundamental problem to determine (up to infinitesimal equivalence) all irreducible uni-
tary representations (m, H;) of a real Lie group G with non-vanishing Lie algebra cohomology. A
complete solution to this classification problem was given in a constructive approach by Vogan—
Zuckerman [66]. An outgrowth of this is the computation of the relative Lie algebra cohomology
groups H*(g, K, Hr k ® F) where g denotes the complexified Lie algebra of the given connected
real reductive Lie group, K C G a maximal compact subgroup.

Following [45], [68], we briefly review in this appendix the classification in the case where G is
the exceptional split real Lie group of type Go. It is a connected group of rkgG = 2. The Weyl
group Wg of G is isomorphic to the dihedral group Dg of order 12. Let K be a maximal compact
subgroup of Gj its Lie algebra & is isomorphic to sp(1) @ sp(1).
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Let 6k be the corresponing Cartan involution and let go = £y @ pg be the corresponding Cartan
decomposition of the Lie algebra gy of G3. Given an irreducible unitary representation (7, H,) of G
with non-vanishing cohomology with respect to a finite-dimensional representation space F', there
is a fg-stable parabolic subalgebra q of g. By definition, q is a parabolic subalgebra of g such that
0xq = q, and gNq = lis a Levi subalgebra of q where q refers to the image of q under complex
conjugation with respect to the real form gg of g. Write u for the nilradical of q. Then [ is the
complexification of a real subalgebra [y of ggo. The normalizer of q in G is connected since G is,
and it coincides with the connected Lie subgroup L of G with Lie algebra [p. Then F'/uF' is a one-
dimensional unitary representation of L. Write —\ : [ — C for its differential. Via cohomological
induction, the data (g, \) determine a unique irreducible unitary representation Aq4(\) of G so that
the Harish-Chandra module of (7, H) is equivalent to the one of A4(X\).

It is worth noting that the Levi subgroup L has the same rank as G, is preserved by the Cartan
involution 6, and the restriction of 8 to L is a Cartan involution. Moreover, the group L contains
a maximal torus 7" C K. This result serves as a guideline to construct all possible fx-stable
parabolic subalgebras q in g up to conjugation by K. There are only finitely many K-conjugacy
classes of fx-stable parabolic subalgebras q in g.

In the given case the construction runs as follows: Fix non-zero elements x,y in €y, the first
one belonging to the first summand, the second to the second, and let it be the real vector space
spanned by iz, iy. Then tis a Cartan subalgebra of £y, and t = C2. We denote the evaluation in the
first and second coordinate by e; and es respectively, and we write a; = es — e1 and as = 3e; — es.
Taking «;,7 = 1,2, as simple roots, the set At (g,t) of positive roots of g with respect to t is given
as the set

A (g0 = A*(E,)) U A (p, 1
where
AJF(E,’() = {041 + a,3a1 + 042}, A*(p,t) = {Ozl,ag,QOzl + a, 31 + 20[2}.

Note that oy is the short simple root, and «s is the long simple root. The fundamental dominant
weights are A1 := 2a1 + as and As := 3a; + as.

Starting off from an element z € t, there is an associated #-stable parabolic subalgebra q of gc
with Levi decomposition q = [c @uc defined by q¢ = sum of non-negative eigenspaces of ad(z), lc =
centralizer of z, and uc = sum of positive eigenspaces of ad(z). Let A be the differential of a unitary
character of L, the connected subgroup of G with Lie algebra Ic Mg, such that {(a, Aji.) > 0 for each
root « of u with respect to tc. One refers to such a one dimensional representation A : [ — C as
an admissible character. A pair (q, \) of a f-stable parabolic subalgebra ¢ of gc and an admissible
character A determines a unique irreducible unitary representation Aq(A) of G’ with non-vanishing
cohomology with respect to a suitable finite-dimensional representation (v, F') of G.

Up to infinitesimal equivalence, if [¢ C £c, one obtains discrete series representations, and there
are exactly three of them up to infinitesimal equivalence having the same infinitesimal character for
a given admissible character A\. Recall that this number is generally given as the ratio |Wg/Wi|
where Wi denotes the Weyl group of K. The only degree in which these three discrete series
representations m;, 7 = 1,2,3, have H'(g, K, H,, ® F) # 0 with a suitable coefficient system is
j=4.

The trivial representation of G' only matters if the coefficient system F' is trivial as well. One
has H7(g, K,C) = C if j = 0,4,8 and H’(g, K,C) = 0 otherwise.
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The most interesting irreducible unitary representations of G = G are (up to infinitesimal
equivalence) the ones originating in the following way: Consider two elements z; € t, j = 1,2, with
a;(z;) > 0 and ay(z;) = 0 for k # j. We denote the corresponding §-stable parabolic subalgebra as
constructed by q;,7 = 1,2. The connected subgroup L;, j = 1,2, is isomorphic to SLy(R) x U(1).
These two algebras q;, j = 1,2, are the only §-stable parabolic subalgebras of g with R(q;) = 3. Let
A1 lj — C be an admissible character. Then the corresponding irreducible unitary representation
Aqg;(A) of G is non-tempered. We summarize this classification result in the case of an arbitrary
coefficient system, see [45], [67], [68].

Proposition A.1. Let G be the split simple real Lie group of type Go, g its complexified Lie
algebra, and K C G a maximal compact subgroup. Let (v, F') be an irreducible finite-dimensional
representation of G with highest weight A = c1A1 + cols, c1,co non-negative integers. Then we
have

- Fiz the index j € {1,2}. If the integral coefficient ¢; = 0,i # j, then there exists an
admissible character x; : | — C with regard to q; such that the corresponding irreducible
non-tempered representation Ag; (xj), as constructed above, occurs with

Cifqg=3,5

0 otherwise

Hq(g7KaAC|j(Xj) ®F> = {

- If both integral coefficients c1 # 0, co # 0 then there is no irreducible unitary representation
(m,H) of G with H1(g, K,m® F) # 0 for ¢ = 3,5.

Remark A.2. Observe the shift in indices: This occurs as well if we describe the two non-tempered
representation as Langlands quotients of principal series representations (see [45, 7.7.(3)]) We have

1 1

J(P2307§pfvpz):ACI1(X1)v J(Plvga 5/;}2):AQQ(X2)'

Here we use the notation used in Section 7 for the principal series representations.
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